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ABSTRACT. Let g be a complex, semisimple Lie algebra, and Y(g) and
Uq(Lg) the Yangian and quantum loop algebra of g. Assuming that 7
is not a rational number and that ¢ = ™", we construct an equivalence
between the finite-dimensional representations of Uy (Lg) and an explicit
subcategory of those of Y;(g) defined by choosing a branch of the loga-
rithm. This equivalence is governed by the monodromy of the abelian,
additive difference equations defined by the commuting fields of Y (g).
Our results are compatible with g—characters, and apply more gener-
ally to a symmetrisable Kac-Moody algebra g, in particular to affine
Yangians and quantum toroidal algebras. In this generality, they yield
an equivalence between the representations of Y5(g) and Ug(Lg) whose
restriction to g and U,g respectively are integrable and in category O.

CONTENTS
1. Introduction 1
2. Yangians and quantum loop algebras 9
3. Integrable representations of Y3 (g) and U,(Lg) 16
4. Additive difference equations 24
5. The functor I 35
6. The inverse functor 42
7. g¢—Characters 49
References 52
1. INTRODUCTION
Let g be a complex, semisimple Lie algebra, and Y;(g) and Uy(Lg) the

corresponding Yangian and quantum loop algebra. Recall that the latter
are deformations of the enveloping algebras of the current Lie algebra gls]
of g and its loop algebra g[z, 27 1] respectively.

These affine quantum groups have been known to be closely related since

their introduction by Drinfeld in the mid 80s [14, 15]. In particular
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(1) Drinfeld proved that, just as the loop algebra g[z, 2~ !] degenerates

to the current algebra g[s| by setting z = exp(es) and letting € — 0,
the quantum loop algebra degenerates to the Yangian. Specifically,
Y1 (g) is the graded algebra associated to the filtration of U,(Lg) by
powers of the ideal of z =1 [15, 30].

(2) The highest weight classification of irreducible, finite-dimensional
representations of Yj(g) and U,(Lg) due to Drinfeld and Chari-
Pressley respectively [16, 10] yields a surjection from the parameter
space of finite-dimensional irreducible representations of Y;(g) to
the corresponding parameter space for U,(Lg). This (set-theoretic)
map &Erp is given by exponentiating the roots of Drinfeld polynomi-
als.

(3) Stronger results can be obtained when g is of type ADE, by us-
ing Nakajima quiver varieties, and the geometric action of Uy(Lg)
on their equivariant K—theory [44]. The analogous action of the
Yangian Y;(g) in cohomology due to Varagnolo [52] allows to re-
late irreducible representations of U,(Lg) and Y;(g) via the Chern
character, and shows in particular that the map &rp preserves di-
mensions.

1.2. It has long been believed that Y3(g) and U,(Lg) have the same repre-
sentation theory (see, e.g., [52, p. 283]). This is not directly suggested by
(1) (there is after all no relation between the representations of a filtered
algebra and of its associated graded in general) but is borne out by (2),
(3) and the fact that many representations of Y;(g), for example evaluation
representations of Yj(sl,), can be explicitly deformed to representations of
Uq(Lg).

This belief is further corroborated by the fact that, in the analogous case
of the degenerate and affine Hecke algebras £, H of a Weyl group, a complete
understanding of the relation between finite-dimensional representations of
$ and H was obtained by Lusztig [40], and can be recovered by realising £, H
as the equivariant cohomology and K—theory of the corresponding Steinberg
variety [29].

Despite the above evidence, however, no precise, functorial relation be-
tween the categories Repgy(Yx(g)) and Repgy(U,(Lg)) seems to have been
known so far, even conjecturally.

One notable exception is the works [35, 18, 19] which relate the represen-
tations of U, (Lsl,) and Felder’s elliptic quantum group E- ,(gl,,) with ¢ =
¥ and construct in particular a fully faithful functor from Repgq(U,(Lsl,,))
to Repgg(Er~(gl,,)) [18]. A similar construction should give rise to a functor
Repgq(Yn(sln)) — Repeq(Uy(Lgl,)). These constructions depend, however,

INote that the Chern character in the geometric realisations (3) above cannot be con-
sidered a functor, since it is not known how to realise arbitrary finite—dimensional repre-
sentations of Y;(g) of U,(Lg) inside the equivariant cohomology or K—-theory of a quiver
variety.
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on the RTT presentation of U,(Lsl,), which is less convenient for other
classical Lie algebras, and currently unavailable for the exceptional ones.

1.3. Our initial interest in this question stemmed from the monodromy
conjecture formulated in [50], which relies implicitly on the existence of
a functor between finite-dimensional representations of Y3(g) and U,(Lg).
The conjecture states that the monodromy of the trigonometric Casimir con-
nection, which yields representations of the affine braid group of g on finite—
dimensional Y;(g)-modules, is described the quantum Weyl group operators
of Uy(Lg).

Motivated by this, we formulated the hope, naively suggested by (2)
above, that Repgy(Y5(g)) might be an exponential cover of Repey(U,(Lg)),
that is, that Repgy(U,(Lg)) is equivalent to a subcategory of Repgy (Y5 (g))
obtained by restricting the roots of Drinfeld polynomials to a domain II C C
mapping bijectively to C* via the exponential map [49].

1.4. The goal of this paper is to prove that this is indeed the case.

In our previous work [27], we proved that, when the deformation param-
eters h, ¢ are formal, and related by ¢ = €”, the quantum loop algebra and
Yangian are isomorphic after appropriate completions, specifically with re-
spect to the natural loop grading on Y;(g) and the powers of the ideal of
z=11in Uy(Lg). The corresponding isomorphism

—_—

®: Uy(Lg) — Ya(g)

constructed in [27] deforms the change of variables g[z, 271] — g[[s]] given by
z = e°, and exponentiates the roots of Drinfeld polynomials. This strenght-
ened Drinfeld’s degeneration result alluded to in 1.1, clarified the relation
between Y(g) and U,(Lg), and suggested that their finite-dimensional rep-
resentations be related by pull-back via ®.

The framework of [27] is, however, not suited to the study of finite-
dimensional representations since the map ® is given by formal infinite series
which do not converge on finite-dimensional representations and do not
allow for the numerical specialisation of the deformation parameters.

1.5.  In this paper, we consider the case when i € C is not a rational num-
ber, so that ¢ = exp (wih) € C* is not a root of unity. We shall work more
generally with an arbitrary symmetrisable Kac-Moody algebra g and, ac-
cordingly, consider the categories O, (Y5(g)) and O,,,(Uy(Lg)) consisting of
representations whose restriction to g and U,g respectively is integrable and
in category O (see [32, §4] and §3.1). When g is semisimple, O,,,(Y5(g)) and
Oini(Uy(Lg)) coincide with the categories of finite-dimensional representa-
tions of Y;,(g) and U,(Lg).

1.6.  Our first main result is the following
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Theorem. If h € C\ Q and ¢ = €™, there is an abelian subcategory
ONC(Yi(g)) C Oune(Ya(g)), and an exact, faithful functor

[ O.NC(Yh(g)) — Oint(Uq(Lg))

int

which exponentiates the roots of Drinfeld polynomials, and commutes with
the forgetful functor to vector spaces.

The category ONC(Yr(g)) of non—congruent representations is defined as
follows. Let I be the set of nodes of the Dynkin diagram of g, and let
{&i r, ﬂficr}iel,reN be the loop generators of Y;(g) (see [16, 32] or §2). Consider
the generating series

&i(u) =1+ hZéwu_“_l and rE(u) = thii’ru_’"_l (1.1)

r>0 r>0
We prove in §3.6 that, on a representation V € O, (Ys(g)), these formal
power series are the expansions near u = oo of End(V)-valued rational
functions. By definition, O} (Y5(g)) consists of those representations such

that, for each i € I, the poles of = (u) (resp. z; (u)) do not differ by
non-zero integers.

1.7. Our second result asserts the existence of a right inverse to I' for each
determination of the logarithm. More precisely, fix a subset II C C such
that .

(IT-1)NZ={0} and Hj:ECH (1.2)
The map u — e*™ is then a bijection between II and a subset Q C C*
stable under multiplication by ¢g. To such a choice, we attach subcategories

0 (Ya(9) € Oii(Yalg))  and O (Uy(Lg)) C Ouwi(Uy(La))

consisting of representations such that the roots of their Drinfeld polynomi-
als lie in IT and Q respectively, see §3.5. We show in §3 that O (Y;(g)) and
Of (U,(Lg)) are Serre subcategories of O,,,(Y3(g)) and O, (U,(Lg)) that is,
are closed under taking extensions, quotients and subobjects. We also show
that V is in O! (Y;(g)) if and only if the poles of & (u)*! and xF (u) lie in

I1. In particular, representations in O (Y;(g)) are not congruent.

Theorem. The following holds for any choice of I1 C C satisfying (1.2).
(i) The functor I restricts to a functor

M Ol (Ya(g)) — O4(Ug(Lg))

int

(ii) There is a functor

T : O3 (Ug(Lg)) — O (Ya(g))

int

which is a left and right inverse to 'rr, and commutes with the
forgetful functor to vector spaces.

In particular, if IT is a fundamental domain for the translations u — u—+1,
I is an equivalence between O (V5 (g)) and O, (U,(Lg)).

int
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1.8.  The main novel idea underlying our construction is that each of the
commuting fields &;(u) of Y;(g) may be used to define an additive difference
equation on any representation V€ O, (Yx(g)). The functor I is then
governed by the monodromy of this equation, an averaging procedure which
provides a canonical means of replacing the rational functions appearing
in the representation theory of Y;(g) by their trigonometric counterparts
appearing in that of U,(Lg) (for the reader’s convenience, a self-contained
account of Birkhoff’s theory of difference equations is given in §4). It is
worth stressing that these equations are abelian, so that their fundamental
solutions are readily computable in terms of I'-functions. 2 T is then defined
using contour integral formulae using these solutions as kernels, and shown
to define representations of U,(Lg) by contour manipulations reminiscent of
those of Conformal Field Theory.

1.9. The relevance of difference equations to Yangians and quantum loop
algebras is widely known. For example, the R-matrix of Y3(g) (resp. Uy(Lg))
give rise to the additive (resp. multiplicative) ¢KZ equations satisfied by
products of intertwiners [25, 47]. In a related vein, Baxter’s (Q—operator for
Yi(g) (resp. Uy(Lg)) satisfies the TQ relations, which are difference equa-
tions with step a multiple of h (resp. a power of q) (see, e.g., [1, 4, 23]).
Moreover, the idea of averaging a rational or trigonometric solution of the
quantum Yang—Baxter equations to obtain a trigonometric or elliptic solu-
tion has also been extensively used [2, 3, 20, 48].

It is worth pointing out that the difference equations used in this paper
are not of ¢gKZ or T'Q) type since they are abelian and therefore far simpler.

1.10. The relevance of these abelian difference equations, and their use
to define a functor between finite-dimensional representations of Y;(g) and
U,(Lg) is the main new ingredient of the present paper. This is a potentially
far reaching principle, which we have so far applied to two further problems

(1) The construction of a tensor structure on the functor I', which yields
a Kazhdan—Lusztig equivalence of meromorphic braided tensor cat-
egories between Yj(g) and Uy(Lg), when both are endowed with the
deformed Drinfeld coproduct and the commutative part Ry of the
R-matrix. This tensor structure arises from the monodromy of the
abelian ¢K Z equations defined by Ry of Y;(g) [28].

(2) The constuction of a faithful functor = between finite-dimensional
representations of U,(Lg) and of Felder’s elliptic quantum group
[26]. The functor = is governed by the monodromy of the g¢—
difference equations defined by the commuting fields of U,(Lg).
This is a very promising avenue, since elliptic quantum groups and
their representations are still not very well understood outside of
type A [22].

2These I'functions are closely related to those appearing in [34, 45]
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1.11. Let us outline the construction of the functor I', assuming for nota-
tional convenience that g is semisimple. Let V € O,,.(Yx(g)), and for any
i € I, consider the additive difference equation

di(u+1) = &(u)pi(u) (1.3)

determined by the field &(u) = 1+ h&ou~! + -+ defined in (1.1), where
the unknown ¢; is a meromorphic function of u € C with values in End(V).
As explained in §4, this equation admits two fundamental solutions gbgt (u),
which are uniquely determined by the requirements that

e ¢ (u) is holomorphic and invertible for + Re(u) > 0
e ¢ (u) is asymptotic to (1 + O(u™1))(£u)"™ 0 as u — oo with + Re(u) > 0
These solutions are regularisations of the formal infinite products

L) M+ 1) and Gu—1D)E(u—2) -

which symbolically solve (1.3).
Following Birkhoff [6], one considers the connection or monodromy matrix
of the equation, that is the GL(V )—valued function defined by

Si(u) = ¢ (u) ™" - 67 (u)

By construction, S;(u) is a 1-periodic function of u. The asymptotics of gbgt
further imply that S; is a rational function of the variable z = ¢?™*, regular
at z = 00,0, and such that S;(co0) = e™hi0 = §;(0)~1L.

1.12.  Assuming that V' is non—congruent, the action of the loop generators
{\I'fcik, Xiil}iel,keN,leZ of Uy(Lg) on I'(V) =V is now defined as follows.
(i) For each i € I, the generating series
Ui(2)t =Y o, 7 (1.4)
k>0

acts as the Taylor series of the connection matrix S;(z) at z = 00, 0.
(ii) For each i € I and k € Z, Xiik acts as the operator

19 §I§i ezmkugfc(u)x;t (u) du
C’L

where
e The constant ¢; is given by v/d; I'(d;h), with d; the symmetris-
ing integers of the Cartan matrix of g.
e The functions i (u) are regularisations of the infinite products

co&i(u+2)6(uw+1) and  Gu—1)Ei(u—2) -

respectively, and are given in terms of the fundamental solu-
tions ¢7 (u) of (1.3) by

g (u) = ¢ (u+ 1t and g; (u) = ¢; (u) (1.5)
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e The contour C’ii contains all the poles of :Ezi(u), and none of
their Z*translates.

1.13. The construction of the right inverse functor Ty : O, (U,(Lg)) —
OU (Y;(g)) is obtained by solving the inverse monodromy problem corre-
sponding to the difference equation (1.3).

Specifically, let V € O,,,(Uq(Lg)), and consider the End(V)-valued gener-

ating series W;(2)* given by (1.4),

+ + _—k + - + _k
X5 (2)t = ZXz',kZ and X (2)” = — ZXL—kZ
k>0 k>1
It is well-known that these are the expansions at z = 00,0 of rational

functions W;(2) and X*(z) [5, 32] (see also Prop. 3.6). We show in §3
that V is in O, (U,(Lg)) if, and only if the poles of ¥;(2)*! and X" (2) are
contained in 2.

The operators giving the action of Y;(g) on (V) = V are then defined

as follows.

(i) As explained in §4, there is a unique rational function C — GL(V),
which we take to be & (u), such that (a) &(u) = 1+ hd;afu™! +
- (b) the connection matrix S;(z) of the difference equation (1.3)
defined by &;(u) is S;(2) = ¥;(2) and (c) the poles of & (u)*! lie in
II.
(ii) Let ¢ (u) be the canonical fundamental solutions of (1.3), and
define the functions gli(u) by (1.5). Then, for any i € I and r € N,
the generators :Efr act on V as the operators

1 B
ci_h c.iv "o (v) T (e 7””) dv

where the constants ¢; are as in §1.12, and the contours CZ-jE en-
close all the poles of Xii (62’””) contained in II, none of their Z*—

translates, and none of the Z*~translates of the poles of & (u)~!.

1.14. The main construction of this paper can also be applied to the ¢—
difference equations defined by the commuting fields of the quantum loop
algebra, and yields a faithful functor between finite-dimensional representa-
tions of U,(Lg) and those of Felder’s elliptic quantum group corresponding
to g [26]. We also plan to apply similar ideas to relate the affine Yangian

—

Y1(gly) appearing in the recent work of Maulik-Okounkov [42] to the quan-
tum toroidal algebra Uq(g[\l) [21, 43, 46].

3Note that the existence of the contours Cii relies on the representation V' being non—
congruent in the sense explained in §1.6.
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1.15. The picture described in this paper is consistent with Cherednik’s
philosophy of obtaining equivalences of appropriate categories of finite—
dimensional representations of the affine Hecke algebra H and degenerate
affine Hecke algebra § of a finite Coxeter group through the monodromy
of a flat connection with values in $ [13, §1.1-1.2]. We note that, whereas
Cherednik’s affine KZ connection is differential and not abelian, our equa-
tions are difference and abelian. It seems an interesting problem to relate
these two approaches.

1.16. Outline of the paper. In Section 2, we review the definitions of the
Yangian Y3(g) and quantum loop algebra U, (Lg) associated to a symmetris-
able Kac—Moody algebra g.

In Section 3, we consider the categories Oy, (Y5(g)) and O;,.(Uy(Lg)) of
representations whose restriction to g and U,g respectively is integrable and
in category 0. We review the classification of their simple objects, and
prove that the generating series of the loop generators of Y;(g) and Uy(Lg)
act on O, (Y5(9)), O (Ug(Lg)) as rational functions. We then define the
subcategories O1, (Y4 (g)) C Oui(Yi(g)) and O, (Uy(Lg)) C O (Uy(Lg)) in
terms of the roots of Drinfeld polynomials. The main result of this section,
Theorem 3.8, gives an alternative characterisation of these categories in
terms of the poles of the fields & (u), z;" (u) of Yi(g) (resp. W;(z), X (2) of
Uy(Lg)).

Section 4 contains a self-contained account of the theory of additive differ-
ence equations including canonical fundamental solutions, monodromy and
a detailed discussion of the inverse problem for abelian equations.

Section 5 gives the definition of the functor I' : O} (Ys(g)) = O (Uq(Lg))
and the proof that the operators defined in §1.12 give an action of U,(Lg) on
any non—congruent representation of Y;(g). We also prove the compatibility
of ' with the shift automorphisms of Y3(g) and U,(Lg).

Section 6 contains the contruction of the inverse functor Ty : O, (U, (Lg))
— O (Yj(g)), and the proof that Ty o [y and Iy o Ty are the identity
functors on O (Y;(g)) and Of,(U,(Lg)) respectively.

In Section 7, we review the definition of the g-characters of Y;(g) and
U,(Lg), and show that the functor I is compatible with these.

1.17. Acknowledgments. We are very grateful to Andrei Okounkov and
Igor Krichever for many stimulating discussions, and to David Hernandez for
asking about the compatibility between our construction and g—characters.
Part of this paper was completed while we were visiting ETH Ziirich, while
the second author was on a sabbatical leave at Columbia University, and
during a month long visit at the Aspen Center for Physics. We are grateful
to these institutions for their support and wonderful working conditions,
and to D. Calaque, G. Felder, A. Okounkov, D. Freed, G. Moore, A. Neitzke
and H. Ooguri for their invitations.
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2. YANGIANS AND QUANTUM LOOP ALGEBRAS

2.1. Let A = (a;j)ije1 be a symmetrisable generalized Cartan matrix [36].
Thus, a;; = 2 for any ¢ € I, a;; € Z<g for any ¢ # j € I, and there exists
a diagonal matrix D with positive integer entries {d;};cr such that DA is
symmetric. We assume that (d;) are relatively prime.

Let (b, {a; }ier, {) }ier) be the unique realization of A. Thus, b is a com-
plex vector space of dimension 2|I| —rank(A), {a;}ier C h* and {a) }ier C b
are linearly independent sets and, for any 4, j € I, (o)) = a;.

Let g be the Kac—Moody algebra associated to A.

2.2. The Yangian Y;(g). Let h € C. The Yangian Yj;(g) is the C—-algebra
generated by elements {xi:r, &irtictren and h € b, subject to the following
relations

(Y0) For any i €1,

io = diw
(Y1) For any i,j € I, r,s € Nand h,h' € b
[gi,m gj,s] =0 [&,Tn h] =0 [h7 h/] =0

(Y2) Forhebh,jeTl and s € N

[h, 2] = £a;(h)j,

(Y3) Fori,j €T and r,s € N

d;ia;;
[gi,r—l—la $;|f5] - [gi,m x;'l?ﬁ_l] - ih%(gz 7‘33] s + 33 5@ r)
(Y4) Fori,jeTand r,s € N
d;a;
+ + + + + :I: +  +
[$i,r+17 $j,s] - [xi,r’ xj,s-l—l] +h ZJ ( irLis + Ly sy r)
(Y5) For i,j €eTand r,s € N
[ 25 ) = 0ijirss

(Y6) Let i # j € I and set m = 1 — a;5. For any ry,--- ,rp, € N and
seN

+ + + + _
Z [wiﬂ“wu)’ [xiﬂ’m)’ [ o [xiﬁ’ﬂm)’xjvs} H =0

7T€6m

2.3.  Assume now that /i # 0, and define & (u), =3 (u) € Y5(g)[[u"]] by
u) =1+ hz Eipu "t and r(u) = hz xi:ru_r_l

r>0 r>0

Proposition. The relations (Y1),(Y2)-(Y3),(Y4),(Y5),(Y6) are equivalent
to the following identities in Yy(g)[u,v;u™t, v~

(V1) For anyi,j €1 and h,h' €,
[§i(u),&;(v)] =0 [&i(u), k] =0 [h, 1] =0
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(Y2) For any i, and h € b,
[, 2 ()] = £ai(h)z; ()

(Y3) For any i,j €1, and a = hd;a;;/2
(u—vF a)fi(u)a:j[(v) =(u—v=£ a)a:;E (v)&(u) F 2axj:(u Fa)éi(u)
(Y4) For any i,j € I, and a = hd;a;;/2

(u—vF a)ay (o (v)

=(u—v+ a)ﬁ(’”)ﬁ(u) +h Qﬁov x;‘i(”)] — [ (w), xjivo])

(V5) For anyi,j €l
(u— o)z (u), 7 ()] = =65k (&i(u) — &(v))
(Y6) Foranyi#jel, m=1—a;, ri, - ,rm €N, and s € N
> [ ), [#E ). [+ [# () 2 @)] ]| =0
TEGCH

Remark. When i = j, (J4) may be rewritten as follows. Taking u = v
yields
(275, 27 (u)] = Fia (u)” (2.1)

and therefore the relation ()4')

(u — v F hd;)zi (u)zi (v)

= (u — v =+ hid;)zF (v)xF (u) F hd; (x;'E(U)2 + x;t(v)2)
Conversely, equating coefficients of v” in this identity yields (2.1), and there-
fore (V4).

2.4. Proof of Proposition 2.3. The equivalences (Y1)=()1) and (Y6)=()6)
are clear.

To see that (Y4) implies (V4), multiply (Y4) by hu~""'ho~*~!. Summing
over r,s > 0, and using A, -, a:icrﬂu_’“_l = uai (u) — ha;ico yields

(u— o)), 23 @)] = b ([ 2f () = [ (), 25, (0)])

— 4q <g;ii(u)xj:(v) + xf(v)xit(u»

as claimed. Conversely, taking coefficients of u="~1v=5=1 in (Y4) for r, s > 0
yields (Y4).4

4equating coefficients of u®v™*7!, and of v~ ""'v? yields the tautological identities
+ + + + + + + + :
[xi’o,:cj’s] = [:ciyo,:cj’s] and [:cim,xjyo] = [:cim,:cj’o] respectively.
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(Y2) is clearly equivalent to ()’2). To see that (Y2)—(Y3) imply (3), set

i1 = B! so that
u) =nh Z Eou "t
r>—1
and (Y2) for h = §; o coincides with (Y3) for » = —1. Multiplying both sides
of (Y3) by hu~""'hv=5"1, and summing over r > —1,5 > 0 yields

(u—v Fa)§(w)aj (v) — (u—v £ a)zy (v)&(w) = —hl&(u), 23]
Since the right—hand side is independent of v, so is the left—-hand side. The
latter is therefore equal to its value when v = u¥Fa, that is :F2ax;-t (uFa)é;(u)

and ()'3) follows. Conversely, taking coefficients of u=""1v==1 r s > 0 in
(V3) yields (Y3)®

To see that (Y5) implies (V5), multiply (Y5) by hu=""thv~*~1. Summing
over r,s > 0, and using

(u - 'U) Z u—r—l,U—s—l _ ,U—t—l - u—t—l
r+s=t
then yields ()’5). Conversely, the above identity 1mphes that 51( )—=&i(v) =

h(v—u)d, sou™"™ Ly=s=1¢; 5. Equating this to A~ (v —u) [z} (u), 2] (v)]
yields (Y5) since Clu,v;u~!,v™1]] has no zero divisors.

2.5. The following result is due to Levendorskii [39]. We reproduce his
proof below for completeness.

Lemma. The relation (Y6) follows from (Y1)-(Y3) and the special case of
(Y6) whenry =--- =1y =0.

PROOF. The proof of this lemma is based on the construction of commuting
elements {t; » }ic1ren. These are polynomials in {&; ,} such that the following
commutation relations hold

[ti 7] = £2d,
r+s

tw, ]S Zb (r,s,k)x ]r—i—sk

where bg;(r,s,k) € C are scalars. We postpone their construction to 2.6,
and proceed with the proof of the lemma.

Denote the left—-hand side of (Y6) by Sf;(rl, -+ ,Tm;s). We prove that
this element is zero by induction on the number of non-zero r;. The case
Sf; (0,-+-,0;s) = 0 holds by assumption. Assume now that

1,7+8

Sij]:'(rly"' 7rk707"' 70;8) =0

Sequating coefficients of u', u® yields the identities :cf(v) = mf(v) and (Y2) for

h = & 0 respectively, while equating coefficients of v° yields the identity —h[&(u), 1:;':0] =
:F2ax§': (uF a)é&(u).
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for some 0 < k < m and for every r1, - ,75,5 € N. Applying ad(ﬁr) to
this identity yields

0= +2di(m — k) S35 (r1, -+, 7k,7,0,- -+, 0;8)

k
E + .
:l:2dl Sij(rla"' 7Tp—1arp+rarp+17'” 7Tk707"' 7073)

r+s
—i—Zbi r,8,D) Si(rl, - Tk, 0,000,057+ 5 — p)

Since the terms in the last two sums are zero by induction, it follows that
S?;(T‘l,"','f'k,'r',o,“‘,0;8):0- U

2.6. Define {t;, }ic1,ren by
Ry tipu" ! =log (&(u)
r>0

The following commutation relation was obtained in [39, Lemma 1.9] (see
also [27, Remark 2.9])

[7/2] 92
(hdiaij/2)* |
[tir, 27 ] = diai; Z ( ) Tl 1 Cirts-2

Now it is clear that one can define tim as

tir =t »+ linear combination of t; .1 (1 <k <)

)

such that [t; ., = ] +2d;xE

lower trlangularlty of the transformation matrix between {t;,.} and {t;,}
implies that we also have

s The commutation relation above, and the

r+s
tw, ]S E b (r,s,p)x ]Hsp

for some scalars blij (r,s,p).

2.7. It follows from Lemma 2.5 that, on an integrable representation, re-
lation (Y6) can be deduced from the other relations. More precisely, let

?},(g) be a unital associative algebra generated by {h,{i,r,:nfr subject to
the relations (Y0)—(Y5) of Section 2.2. Let V be a representation of Y (g)
which is integrable in the following sense

e 1/ is h—diagonalizable with finite-dimensional weight spaces.
e The action of {xfo} on V is locally nilpotent.

Proposition. The action of ?h(g) on 'V factors through one of Y(g).
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PROOF. By Lemma 2.5, it suffices to prove that relation (Y6) with r; =
-+ = 1y, = 0 holds in End(V'). Let sl;, C Yj(g) be the Lie subalgebra
generated by {&70,3;:?0}. Let V[u], u € b* be a weight subspace of V, and
set

— —+
V= EB Vip + may] and V= EB Vip 4+ ma; £ o]
meZ meZ

V, Vjc are sléfinvariant subspaces of V' which, by the integrability of V', are
finite-dimensional. Eince [&70,3;;;] = idiaijxfs and ad(a;;?fo)a;jfs = 0, the
restriction of :L";fs to V' is a lowest (resp. highest) weight vector in the finite—

dimensional sl5-module Hom(V, Vjc), which implies that ad(:nfo)l_“ij :Ejfs

acts by 0 on V. (]

2.8. Shift automorphism. The group of translations of the complex plane
acts on Yy(g) by

Ta(Yr) = Z ( Z > a"" Py, and Ta(h) = h

s=0
where a € C, y is one of ;, a;;t and h € h. In terms of the generating series
introduced in 2.3,
Ta(y(u)) = y(u—a)
Given a representation V' of Y;(g) and a € C, we set V(a) = 75(V).
2.9. The quantum loop algebra U,(Lg). Let ¢ € C* be of infinite order.

For any i € I, set ¢; = ¢%. We use the standard notation for Gaussian
integers

_¢-a"
[n]q = qg—q}
[n]g! = [n]gln — g~ [1]q [ Z ] N W]q_!k]q!

The quantum loop algebra U, (Lg) is the C-algebra generated by elements
{\I/i:j:r}iEI,TENa {Xi}iel,keZ and { K}, }rep, subject to the following relations
(QLO) For any i € I
(QL1) For any i,j € I, r,s € N and h,h' € b,
[\II?,::I:N \Il;'%:l:s] =0 [\Ilzz'l,::tw \III$S] =0 [\II?,::I:N Kh] =0
KnKp = Kpqw Ko=1
(QL2) For any i € I, k € Z and h € b,

KWK = g0

2
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(QL3) For any i,j € I, e € {+} and [ € Z

€ + +ag;
Vi1 — 6

+ e _ Faijge + + 15
Xj,l‘I’i,kH =4 ‘I’i,ka,lH - Xj,l+1‘1’i,k

forany k € Z>pif e =+ and k € Zg if e = —
(QL4) For any i,j € T and k,l € Z

+ + +a;5 At 4+ +a;; + + +
Xk X =G 7 X e = 4 AN — A X
(QL5) For any i,j € T and k,l € Z
(/U
+ - i,k+l1 i,k+1
[Xz',kv Xj,l] = 0ij —1
qi — 4,

where we set \I/Z?"Eij =0 for any k£ > 1.

(QL6) Forany i #je I, m=1—a;j, ki,....km€Zand l € Z
“ m
s + + + p+ + _
Z Z(_l) |: S :| ] Xivkw(l) o Xi7k7\'(s) valXivkw(erl) o Xivkw(m) - 0
€S, s=0 qi

12).10. Define ¥;(2)", XF(2)* € U, (Lg)[[z~ ] and ;(2)~, X5 (2)~ € U,(Lg)|[[2]]
y

U ()" = Z \Iflffrz_r Ui(z)” = Z Ly
r>0 r<0
Xii(Z)Jr = Z Xiﬁz_r Xi:t(z)_ = Z Xij—;z_’"
r>0 r<0

Proposition. The relations (QL1),(QL2)-(QL3),(QL4),(QL5),(QL6) im-
ply the following relations in Uy(Lg)[z,w; 2z~ w™

(QL1) For anyi,j €1, and h,h' €,
[Wi(2) ", Wi(w)T] =0 [W(2)", Kp] =0
KnKy = Know — Ko=1
(QL2) For anyi €1, and h € b,
KhXi:I:(Z)-i-K}:l — q:l:ai(h)Xi:l:(z)—i-

(QL3) For any i,j €1

(2 = g ") i) A (w)*
= (g "2 =W)X () () = (0 =g )a A (T ) ()
(QL4) For anyi,j €1

(z — qZTJE(”jw)XZ-jE(z)JDYj“—L(w)Jr — (q;ta“z — w)XjjE (w)+Xii(z)+

+ay; o,
- <X$Xf (w)" - 9 ‘ JXJi(w)+Xij,%)) Tw (Xy'j,ZOXii(z)+ —4; ¢ JXii(Z)—’_ij,EO)
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(QL5) For any i,j €1
% —4q;
(QL6) For anyi#je€l, andm=1— aj

(z — W)X ()", X} (w)*] = . <z\IfZ-(w)+ —wWi(2)t — (2 — w)\y;O)

S0 [ | ) A o) )

€Sy, s=0 i

: Xii(zn(s+1))+ T Xii(zn(m))+ =0
Remark. When i = j, (QL4) may be rewritten as follows. Taking z = w
yields

(Xi:,%‘)(ii(z) - qdez‘i(Z)Xi%) =(1- qz'jE2)Xii(Z)2 (2.2)
and therefore the relation (QL4")

(z — q;dw)xii (Z)Xi:t (w) — (qiﬂz - w)Xii (W)Xii (2)
= 2(1 - ¢ )X (w)* + w(l - ¢°) X" (2)

Conversely, equating coefficients of z in this identity yields (2.2) and there-
fore (QL4).

2.11. Proof of Proposition 2.10. The implications (QLn)=-(QLn), for
n=1,2,6 are clear.

Multiplying (QL4) by 2z *w™! summing over k,I > 0 and using the fact
that >, Xiiﬂz_k = 2(XF(2) - XZ%) yields(QL4).

Multiplying (QL3) by 2 *w™!, summing over k,I > 0 yields similarly

(2 = g " w)Wi(2) X ()" — ("2 — w) X () W)

= 2(WoX (w)" — ¢ X5 () " W0) — w(e)™ Wi2) A, — X W(2))
Since the first summand on the right-hand side is equal to 0 by (QL3), the
ratio of the left-hand side by w is independent of w. It is therefore equal
to its value for w = ¢; " z, that is —qiia”(qiia”z — w)in(qfa”z)\I/i(z) and
(QL4) holds.

Multiplying (QL5) by (z — w)z *w™, summing over k,I > 0, and using
(2 =w) Y piimm 2Rl = 2™ — w2z yields (QL5).

Remark. The relations (QL1)~(QL6) of Proposition 2.10 for {W;(2)~, X=(2)~}
continue to hold in Uy(Lg)[[z, w]]. Similarly these relations remain true be-
tween + and — fields, in the appropriate algebra. For example, (QL3) for
U,(2)* and XF(w)~ is true in Uy(Lg)[z, w5 27, w]].

2.12. The following result is the analogue of Lemma 2.5 for U,(Lg).

Lemma. The relation (QL6) follows from (QL1)-(QL3) and the special
case of (QL6) when ki = --- =k, = 0.
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PROOF. We proceed as in Lemma 2.5. Define elements {H;}iecrrezx €
Uqy(Lg) by

Ui(2)* = U exp | £(qi— ¢; ") Y Hipnz™"
n>1

Then we have the following relation

[kaijle;

+
[Hi,ka Xj,l] == A 3, k+l

The proof then proceeds by an induction argument, as in that of Lemma
2.5. U

2.13. Let ﬁq(Lg) be the unital associative algebra generated by elements
{Kp, \I’fﬂ, Xlil} subject to the relations (QL0)—(QL5) of Section 2.9. Let V
be a representation of ﬁq(Lg) which is integrable in the following sense

e V is h—diagonalizable with finite-dimensional weight spaces.
e For each i € I, the action of X;TLO on V is locally nilpotent.

The proof of the following result is similar to that of Proposition 2.7 and
therefore omitted.
Proposition. The action of ﬁq(Lg) on V descends to that of U,(Lg).

2.14. Shift automorphism. The group C* of dilations of the complex
plane acts on U,(Lg) by

Ta(Yk) = OékYk and Ta(Kh) = Kh
where a € C*, Y is one of \I/fc, Xii and h € h. In terms of the generating
series of 2.10, we have
Ta(Y(2))" =Y(a7'2)*

Given a representation V of Uy(Lg) and o € C*, we denote 7.5(V) by
V().

3. INTEGRABLE REPRESENTATIONS OF Yj,(g) AND U,(Lg)

3.1. Integrable representations [32]. By definition, a representation of
Uy(Lg) (resp. Yp(g)) is in O, (Uy(Lg)) (resp. Ouni(Yn(g))) if, and only
if its restriction to U,(g) (resp. g) is an integrable representation in the
corresponding category O (see [36, 41]). Specifically,
(i) A representation V of U,(Lg) is in O,,,(Uy(Lg)) if
(a) V=D, cp Vi and dim(V,,) < oo, where

V., = {v e V| Kv = ¢"Mo for every h € b}

(b) There exist Ai,..., A, € h* such that V, # 0 implies that
pw < A; for some ¢ = 1,...,r. Recall that we say p < X if

A= € Y ier Nay.
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(c) For each p € h* such that V,, # 0 and i € I, there exists N > 0
such that V,,_,,, = 0 for every n > N.
(ii) A representation V of Y (g) is in O, (Yr(g)) if
(a) V=D, ep Vi and dim(V),) < oo, where

Vi ={v € V|hv = p(h)v for every h € b}

(b) There exist Ai,...,\. € b* such that V, # 0 implies that
<\ forsomei=1,... r.

(c) For each ;1 € h* such that V,, # 0 and i € I, there exists N > 0
such that V,,_nq, = 0 for every n > N.

Remark. When g is a semisimple Lie algebra, the categories O, (Y5 (g))
and O,,,(U,(Lg)) are the categories of finite-dimensional representations of
Y5(g) and U,(Lg). Note that in this case, the definition of an integrable
representations in category O for U,(Lg) given above differs from the usual
one for U,g given in [36, 41].

3.2. Drinfeld polynomials: Yangians. We recall below the classification
of irreducible representations in O, (Yz(g)). For g = slo, this result is
proved in [9]. For the general case, a proof can be obtained by adapting the
arguments of [12], see [32] and [11, Chaper 12].
Let ¢ = {ci,}renier C C be a collection of complex numbers, and let
A € b* such that ¢; 0 = d;A\(a)). A representation V of Y;(g) is said to be a
highest weight representation of highest weight (A, c) if there exists v € V
such that
(i) V = Yil(g)v.

(ii) 2 (u)v =0 for any i € L.

(iii) & v =ciyv and hv = A(h)v, for any i € I, € N and h € b.
To the pair (A, c), we associate the Verma module M (), c) in an obvious
way and denote by L(\, ¢) its unique irreducible quotient.

Theorem.

(i) Every irreducible representation in Oy (Yn(g)) is a highest weight
representation for a unique highest weight (A, c).

(ii) The irreducible representation L(A,c) is in O (Yr(g)) if, and only
if there exist (unique) monic polynomials {P;(u) € Clul}ier such
that

o P,(u—i—d,h)
1+h CirU el LY
2. AW

It follows from (ii) that A(a) = deg(P;) € N and hence that A is a dom-
inant integral weight. The polynomials {P;(u)} are called Drinfeld polyno-
mials. By Theorem 3.2, the set of isomorphism classes of simple objects in
Ot (Y(g)) is in bijection with the set PY of pairs (A € b*, {P;(u) € C[u}ier)
such that A\(ay) = deg(P;) and P; are monic. If (A, {P;}) € PY, we denote
by L(\, {P;}) the corresponding irreducible Y} (g)-module.
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3.3. Drinfeld polynomials: quantum loop algebra. Lety = {%iim}iel,mel\f

be a collection of complex numbers and A € h* such that 72 0= q:E N ). A

representation V of U,(Lg) is said to be an [-highest welght representation
of l-highest weight ()\, ~v) if there exists v € V such that
(i) ¥V ="Uy(Lg)v.
(ii) XJrkv =0 for every i € I and k € Z.
(iii) \I'fcim = yzcimv and Kpv = ¢*Mv forany i € I, m € Nand h € b.
As for Yangians, for any (), ), there is a unique irreducible representation
with highest weight (A, 7).

Theorem.

(i) Every irreducible representation in Oy, (Uqy(L
representation for a unique highest wezght (A

(ii) The irreducible representation L(\,7) is in O,
if there exist monic polynomials {77,( ) € C]

g)) is a highest weight

)
w(Uq(Lg)) if, and only

whoct, Pi(0) £ 0, such

that
+ - _d g Pl
D Vim? "= =2 Vim?"
m>0 m<0
Again, we have \(a) = deg(P;) and hence X is a dominant integral

weight. The polynomials P; are again called Drinfeld polynomials. The set
of isomorphism classes of simple objects in O,,,(Uy(Lg)) is in bijection with
the set PY of pairs (A € h*,{P;}) such that P; are monic, P;(0) # 0 and
Aay) = deg(P;). We denote by L(\, {P;}) the irreducible U,(Lg)-module
corresponding to (A, {P;}) € PY.

3.4. Composition series. We shall need the analogue for Y;(g) and U,(Lg)

of the existence of composition series in category O for an arbitrary sym-
metrisable Kac-Moody algebra g, (see [36, Lemma 9.6] and [32, Prop. 15]).

Lemma.
(i) Let V € O,(Uy(Lg)) and X € h*. Then, there exists a filtration of
Uy (Lg)-modules
0=VoC---CVe=V
such that the following holds for any Vj, j =1,...,t
o cither V;/Vj_1 = L()\;, {Pi(])}), for some A\j > A,
e or (Vj/Vj-1), =0 for every p = A.
Moreover, given pu > X and (u,P;) € 735{, the number of times
L1, P;) appears as Vj/V;_1 is independent of X and the filtration
chosen, and is denoted by [V : L(u, P;)].

(ii) Let V € O.w(Ya(g)) and X € h*. Then, there exists a filtration of
Yi(g) —modules

0o=VycC---cV=V
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such that the following holds for any Vj, j =1,...,t
o cither V;/V;_1 = L(}\;, {Pi(j)}) for some A\j > \.
e or (Vj/Vj_1), =0 for every p > A.
Moreover, given pu > X\ and (u, P;) € 773:, the number of times

L(p, P;) appears as V;/V;_1 is independent of X\ and the filtration
chosen, and is denoted by [V : L(u, P;)].

3.5. Definition of the categories Ol (Y;(g)) and O, (U,(Lg)). Let IT C
C be a subset such that II + g C II. We define Ol (Y;(g)) to be the full
subcategory of O, (Y5(g)) consisting of the representations V' such that, for
every (A, {P;}) € PY for which [V : L(\, {P;})] # 0, the roots of P; lie in II

for every i € I.

Let similarly € C* be a subset stable under multiplication by ¢*'. We
define Of} (U,(Lg)) to be the full subcategory of O, (U,(Lg)) consisting of

those V such that every (A, {P;}) € PY for which [V : LA\, {P;})] # 0, the
roots of P; lie in € for every i € 1.

Proposition.

(i) O (Yi(g)) and O (U,(Lg)) are Serre subcategories of Oy, (Yi(g))
and Oy, (Uqy(Lg)) respectively. That is, they are closed under taking
direct sums, subobjects, quotient and extensions.

(ii) When g is a simple Lie algebra, O!L (Y (g)) and O}

it (Ug(Lg)) are
closed under tensor product.

PROOF. The first part is obvious from the definition. The second part will
follow from the alternate characterizations of these categories given in Theo-
rem 3.8 (iv), since by [37, Lemma 1] and [24] & (u) and W (2) are group-like
modulo off-diagonal entries. O

3.6. Rationality of fields. The aim of this paragraph is to prove that the
fields giving the action of the generators of Y;(g),U,(Lg) on category O
integrable representations are rational functions. The statement for U,(Lg)
is well known, see [5, §6] and [33, Proposition 3.8]. Our proof is similar, but
yields in addition the explicit form of these rational functions.
Proposition.

(i) Let V' be a Yi(g)-module on which b acts semisimply with finite—
dimensional weight spaces. Then, for every weight p of V', the gen-
erating series

&i(u) € End(V)[[w™ '] 27 (u) € Hom(Vy, Vi) [[u™]]
defined in 2.8 are the expansions at co of rational functions of u.

h
Specifically, let t;1 = &1 — 5522,0 € Yh(g)b. Then,

-1
+ —1 ad(ti1) +
x; (u) = hu ( T S T




20 S. GAUTAM AND V. TOLEDANO LAREDO

and &;(u) =1+ [xj(u),:nl_o]

(i) LetV be a Uy(Lg)-module on which the operators K, act semisimply
with finite—dimensional weight spaces. Then, for every weight p of
V and e € {£}, the generating series

Ui(2)" € End(V)[[zT]]  AF(2)* € Hom(Vy, Vypan))[[27])
defined in 2.10 are the expansions of rational functions W;(z), X7 (z)
at z =00 and z = 0. Specifically, let H; +1 = i\IJfo\I/fil/(qi—qi_l).
Then,

2= (1= M) e (1 e MUD)

and W(z) = Ui+ (g — q; AT (2), X

PROOF. (i) The relations (Y2) and (Y3) imply that [tm,:nfr] = iZdixfT,H,
so that
(i, o (u)] = +2d; (uzi (u) — hiai o)
The relation & (u) = 1+ [z} (u), ;) is a direct consequence of (Y5).
(ii) The relations (QL2) and (QL3) imply that [H; 11, X7, ] = €[2[; A7) 1,
and therefore that

N ("
Xi(z)” =—= (1 - 5;;%)_1 xe

which are rational functions regular at z = co and z = 0 respectively. To
see that these functions are the same, it suffices to note that, as a formal
power series, and therefore as a rational function, A7 (z)™ also satisfies

ad(H;fl) I .
(1 — 5[2]7> X7 (2)” = X0

Finally, note that W:(z) = oo+ (g — g DX (2)F, &) O

)

3.7.  The following result will be needed elsewhere

Lemma.

(i) Let V € Oun(Yi(g)), and let p € b* be a weight of V. Then, the
poles of &;(u),, are contained in the union of the poles ofx;-t(u)“ and
those of =3 () yza, -

(i) Let V € Oy, (Uy(Lg)), and let pp € b* be a weight of V. Then the
poles of Wi(z), are containes in the union of the poles of Xii(z)u
and those of XF(2),5a; -
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PROOF. (i) and (ii) follow from

Gi(u) =1+ [xj-(u)v%_,o] =1+ [517:0’332‘ ()]
Ui(2) = U+ (g — ¢ DA (2), Xip) = Ui + (6 — ¢ DA, &7 (2))

)

respectively O

(Ya(g)) and O

int

int (UQ(LG))' In
view of Proposition 3.6, we can define, for a given representation (p, V')

in 0,,.(Yn(g)), a subset o(V) C C consisting of the poles of the rational
functions {p(&(u))*!, p(xF(u))}. Similarly, for a representation (p,V) in
Ot (Uy(Lg)), we define a subset o()) C C* consisting of poles of the func-

tions {p(W;(2))*!, p(X;"(2))}.
Theorem.

(1) Let V € O (Yi(g)). Then, the following conditions are equivalent.
() V € OlL(Vi(g)).
(ii) o(V) CIL.
(iii) The poles of &(uw)™" are contained in II.
(iv) The eigenvalues of &;(u) have zeroes and poles in I1.
(2) LetV € Oy, (Uqg(Lg)). Then, the following conditions are equivalent.
() V € 02 (U,(Lg)).
(i) o(V) C Q.
(iii) The poles of W;(2)*! are contained in €.
(iv) The eigenvalues of V;(z) have zeroes and poles in €.

3.8. Equivalent characterizations of O!!

PROOF. The rest of this section is devoted to the proof of Theorem 3.8 for the
Yangian Yj(g). The assertion for U,(Lg) is proved similarly and we therefore
omit it. The following implications are obvious: (ii) = (iii) = (iv) = (i).
We prove (i) = (ii) by induction on the length of the composition series of
V. More precisely, assume (i), and fix a weight x4 € h*. We need to prove
that the operators {&(u)ffl,xgt(u)“}iel have poles in II. Fix an arbitrary
A € b* such that A\ < p — a; for every @ € I, and consider a composition
series given by Lemma 3.4. The proof of (i) = (ii) is by induction on the
length of this composition series. Proposition 3.9 deals with the case of an
irreducible V', while Proposition 3.10 carries out the induction step. O

3.9.

Proposition. Let V' be an irreducible representation in Oy, (Yn(g)). Then
V € Ol (Yi(g)) if, and only if o(V) C 11

int
PROOF. It is clear that if (V') C II then the roots of P;(u) are in IT (since
roots of P;(u) are obtained by successively shifting the poles of &;(u) acting
on the highest weight vector by d;A, and II is closed under these shifts).
Hence, by definition, V € O (Y3(g)).
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Now we assume that the roots of P;(u) are in II, for every i € I, and
prove that all the rational functions {&(u),z; (u)} have poles in II. For the
purposes of the proof, we write the weight space decomposition of V' as a
g—module

V= ®V€h*Vu

and for y € Y;(g) we write y, for the operator it defines on the weight
space V.

Let 1 € b* be the highest weight of V. Using the results of 3.2 we have
the following properties of V', which will be used in the proof:
(P1) Every weight space V,,, for v < p, is spanned by {xi_’TV,,Jrai}ieLreN.
(P2) If v € V, is annihilated by x;;, for every i € T and r € N, and v # pu,
then v = 0.
The proof that each rational function & (u),,z; (u), has poles in I is by

induction on the height of yn — v. Recall that for an element o = ), n;oy €
Q@+, the height of a, denoted by ht(«a), is defined as:

ht(a) = an eN

More precisely, we prove the following statement, by induction on k& € N:

S(k) : For every i € I, the rational functions &;(u),, z; (u), have poles in II,
for every v such that ht(y —v) < k; and z; (u), has poles in II for every v
such that ht(u —v) < k.

The base case of S(0) is clear since ;7 (u), = 0 and
Pi(u+ d;h)
Pi(u)
Let us assume S(k') for every k' < k, where k > 0, and prove S(k + 1).

Let v be a weight of V' such that ht(u — v) = k 4+ 1 and let 4,5 € I. Using
the relation ()’5) we have:

5@'(“)# =

Ly (U)ij_(v)l/-i-olj = LZ'] (U)V-i-ai-l-ocjx;—(u)u—i-aj +

(fi(v)u—i-ai - gi(u)u—i-ai)
(3.1)
Note that the right—hand side has poles in II x II by the induction hy-

pothesis. This allows us to conclude the same for z (u), and z; (V)v+a, as

(5ijh
u—"v

follows. Assume that z; (v),+q; has a pole at z € C\ II of order n. Mul-
tiplying both sides of the equation (3.1) by (v — z)™ and setting v = z, we

> = 0
v=z

o )y (0 = 2)"25 (V)
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Thus the image of the operator ((v —2)" 2} (V)vta, > is annihilated
v=z

by all 7", which implies that this operator is zero, since v # u (see property

2,17
(P2) above). This is a contradiction to the fact that z is a pole of order n

of 27 (v)y+a,- The proof for z (u), is similar.

It remains to show that &;(u), has poles in II. For this we use the relation
(V3)
U—0v-—a 2a

§i(wa (Wira; = o a7 (Vs §i(Wvta, + o o

where a = hd;a;;/2.

LZ']_ (u+a)u+aj & (U)V—i-aj

This relation implies that the poles of &;(u) acting on the image of the
operator z; (v)u+aj in V, are either the poles of &;(u),1q,; or T (u+ a)vtay
which are in II, by the induction hypothesis and the fact that 1I is stable
under shift by a. Since V, is spanned by such subspaces (property (P1)),
we are done. O

3.10.

Proposition. Let 0 = Vi, — V. — Vo — 0 be a short exact sequence of
integrable Yy(g)—modules. If o(Vy),0(Va) C II then o(V') C II.

PROOF. Let us fix p € h* and i € I. We will prove that for every k € Z the
poles of Si(u)p—‘rka“w‘;t(u)“—‘rkai acting on the corresponding weight space of
V are in II.

We write V' = V; & V3 as vector spaces. An element y € Yj(g) has the
following form (viewed as an element of End(V)):

1,12
y= [ yO 522 ]
By assumption, & (u)**, 25 (u)** have poles in II, for k = 1,2. Let us

?

assume that z ¢ TI is a pole of one of the functions & (u)l?, 23 (u)l? for

v € p+ Za;. Let N be the maximum of the order of the pole at z of these
functions (note that by definition, there are only finitely many k € Z such
that Vj,yra, # 0). Define for every v € p + Zay

Hy = lim (u — 2)NEi(u),?

X3 = Tim (u — )N o (u),?
Using the relation (V5) and taking its (1,2) entry, we have:
(u = 0) (& (W)} g7 ()2 + 2 ()12 g 27 (0)22

— 27 (V) 0,2 (U)i2 -z (v)ﬁa o (u);?) = h&i(v),” = &iu),?)
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Multiplying both sides by (u — 2)" and letting v — z we get
(z = 0) (X, 27 ()77 = 27 (0)1 40, X)) = —BH,

I/Oél’l

and similarly (using v — z instead of u — z) we have

(u—2) (2 (W)L 0, Xy = Xsa, @i (w)77) = hHy

v—a; N\ )

These equations clearly imply that H, = 0 and we have the following rela-
tions:

X+ (U)22 L, ( )V+a Xz—i— (3'2)

x*<u>y_ai><; = Xota, 27 ()5 (3.3)

K3 v

Now we consider the relation (Y3) in the following form

(u—v —dih)&(u)z] (v) — (u— v+ dih)z] (V)& (u)
= —dih(&(w)z] (u) + o] (u)&i(u)

Again taking its (1,2) component, multiplying with (u — 2)" and letting
u — z, and using the fact that H = 0 we get:
§i(2)vra, X + XS Gi(2))" =0 (3.4)
Similar computation with relation (J4) yields
(2 = 0 — d)X 0,07 ()2 — (2 — v+ dil)a (0) o X
= _dlh(xz ( )V+a X+ + Xu+a (z)12/2) (35)
We take commutator of (3.5) with ; o, using the commutativity property
(3.2), the equation (3.4) and the relation [z} (u), z; o] = &(u) — 1, to obtain:

(2 = v = dil)XF&(v);? — (2 — v + dil)&i(v), 40, X =0
If we set v = z — d;h in this equation, we get

—2d;h&;(z — dih)LL  XT =0

v+ao;

But since z — d;h & II and &;(u)!! is invertible there, we obtain that X} = 0.
A similar argument shows that X7 = 0, which contradicts the fact that N

was the order of the pole at z of one of & (u)!?, 23 (u)}2. This contradiction
proves that all the poles are in II and we are done. O

4. ADDITIVE DIFFERENCE EQUATIONS

In this section, we give a self-contained account of Birkhoff’s theory of
additive difference equations, including a detailed discussion of the inverse
problem for abelian ones. Our exposition, and understanding of the subject
owes much to [6, 8, 38]. Additional information may be found in [7, 51].
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4.1. Let V be a finite-dimensional vector space over C, and let A : C —
End(V) be a rational function. We assume that A is regular at co and such
that A(oco) = 1. Consider the following system of difference equations for a
function ¢ : C — End(V)

¢(u+1) = A(u)¢(u) (4.1)

Let A C End(V) be the subalgebra generated by A(u), u € C, or equiva-
lently by the coefficients of the Taylor expansion

Alu) =1+ Agu ™t + Aju™2 4 -+

of A near co. The system (4.1) is said to be non-resonant relative to a

subalgebra A C End(V) containing A if the eigenvalues of ad(A4g) on A do
not lie in Z*. Note that this is the case in either of the following situations:

e The eigenvalues of Ay do not differ by positive integers, and A=
End(V).
e The system (4.1) is abelian, that is [A(u), A(v)] = 0 for any u,v € C,
and A = A.
If (4.1) is non-resonant relative to A, it is easy to see that it possesses a
unique formal solution of the form Y (u)u??, where®

T(u) =1+ Tou '+ Tiw 2+ € Al[u™]] (4.2)

4.2. Canonical fundamental solutions.

Theorem. [6] If the system (4.1) is non—resonant relative to A C End(V),
there exist unique meromorphic solutions ¢+ : C — A such that

(i) ¢* is holomorphic and invertible for + Re(u) > 0.
(ii) ¢F possesses an asymptotic expansion of the form

O (u) ~ (1 Hifu™ + Hfu ™ 40 ) - ()™ (4.3)

in any right (resp. left) half-plane, where v° = exp(Aglog(v)) is
defined by choosing the standard determination of the logarithm on
C \ RSO .
Moreover,

(iii) The poles of (p7)F! are contained in P+N* and Z+N* respectively,
where P, Z are the poles of A(u), A(u)~L.

(iv) The poles of (¢)*! are contained in Z—N and P — N respectively.

(v) The asymptotics (4.3) of T are given by Y (u)(du)0.

6For the formal solution Y (u)u?, the equation (4.1) is understood to mean Y(u+41) =
A —Ap —Ap _ _1\" Ao(Ao+1)(Ag+r—1) —r
(w)Y(u)(1 4+ 1/u) , where (14 1/u) Zrzo( 1) - u ",
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PROOF. The uniqueness of ¢ is proved in 4.3. In 4.4-4.6, we give a proof
of the existence of the fundamental solutions ¢* under the simplifying as-
sumption that Ay commutes with A(u) for every u. The general case is
treated in [6, 38].

(iii)—(iv) If ¢~ (u) is holomorphic and invertible for Re(u) < a, then, for
Re(u) <a+n, ¢~ (u) = A(u—1)--- A(u —n)¢p~ (u—n) (resp. (¢~ (u))~! =
¢ (u—n)"A(u —n)"t--- A(u — 1)~1), which has poles only if one of u —
1,...,u—mnis apole of A(u) (resp. of A(u)~ D). Similarly for ¢7.

(v) Let H¥(u) € 1+ u " Afu"']] be such that ¢=(+u)=40 ~ Hi( )
for £Re(u) > a. Multiplying both sides of ¢*(u + 1) = A(u)pT(u) b
(+(u+1))~49, using the fact that (fu)4(£(u+1))~40 = (1 + 1/u)~40 for
u ¢ Reg (resp. u ¢ R>_;) and taking asymptotic expansions, shows that
H* (u+1) = A(u)H* (u)(14+1/u)~4°, so that H*(u) = YT (u) by uniqueness.

U

4.3. Uniqueness of fundamental solutions. Let ¢} (u), ¢4 (u) be two
solutions of (4.1) satisfying the conditions (i)—(ii) of Theorem 4.2, and set
C(u) = ((bf(u))_l ¢5 (u). C(u) is 1-periodic, and holomorphic for Re(u) >
0 and therefore on the entire complex plane. As a holomorphic function of
z = e2mu = g2mRe(u)e—2mIm(u) (' hag removable singularities at z = 0 and
z = oo. Indeed,

Clu) = u= (¢ (w)u™10) " (¢ (wu=40) uo (4.4)

Since C'is 1-periodic, we may assume that Rewu > 0, so that the second and
third factors tend to 1 as Imu — 4oo. Since the first and last ones grow
like a polynomial in u, it follows that lim, ,o 2C(2) = 0 = lim,_,», 2~ *C(2).
Thus, C(u) = C is a constant element of A. By (4.4),

uoCy0 ~ 14+ 0% +

for Reu > 0. Let Ag = Sy + Ny be the Jordan decomposition of Ay, and
C = \ec Ox the decomposition of C' into eigenvectors of ad(Sp). Since

Ad(u —u)‘Zlog kad NO) C
k>0

it follows that each C) is an eigenvector of ad(Ap), that C) = 0 for any
A ¢ Z<o, and that Cy = 1. The non-resonance condition then implies that
C, = 0 for any n € Z_q, so that C' = 1. The uniqueness of ¢~ follows in
the same way.

4.4. Existence of fundamental solutions, I. Assume first that Ag = 0.
The system (4.1) is then called regular, and its fundamental solutions are
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given by
¢"(u) = i Alu+n)"t = A(w) P A+ 1)1
n>0
n>1

It is easy to prove that the above products converge locally uniformly on the
complement of Z — N, P + N* respectively, and have the required asymp-
totics.

4.5. Holomorphic functional calculus [17]. Recall that given X € End(V),
and a meromorphic function f which is holomorphic on a neighborhood of
the eigenvalues of X, f(X) € End(V) is defined by the Cauchy integral

2m/f (v—X)""dv

where C is any contour enclosing all of the eigenvalues of X and none of
the poles of f(v). If X is semisimple, with eigenvalues Ai,...,\; and cor-
responding eigenspaces Vi, ..., Vi, the residue theorem shows that f(X) is
the semisimple endomorphism acting as multiplication by f();) on V;. More
generally, if X = Xg + Xy is the Jordan decomposition of X, expanding
(v—X)""as
(0=X)"" = (v —Xg)FIXR
k>0

a finite sum since Xy is nilpotent, shows that

(k)
=> %xﬁv (4.5)

k>0

If f(u) = Y7 ,au’is a polynomial, then f(X) = Y, a;X*. Moreover,
fi- f2(X) = f1(X)f2(X) when both sides are defined. Finally, if f, is
sequence converging locally uniformly to f, then f,(X) converges to f(X).
It follows for example that if
A v -1 v/n
F(v)=v""e H(l—l—n) e

n>1

is the Euler Gamma function, where v is the Euler-Mascheroni constant,
then

NX)=Xx"'e ™ ] (1 + £> - eXim (4.6)

n>1
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4.6. Existence of fundamental solutions, II. Assume now that Ay com-
mutes with A(u). We may then regularize (4.1) as follows. Set

Aw) = (1 - Agu™") A(w)

The difference equation ¢(u+1) = A(u)¢(u) is regular, and its fundamental
solutions Ei can be constructed as in 4.4. The fundamental solutions to

(4.1) are ¢F(u) = fi(u)ai(u), where f*(u) are the solutions of f(u+1) =
u(u — Ag) ™' f(u) given by

fH(u) =T ()l (u— Ap)~!

f(u) =T —u+ AT —u)~*

We will show in 4.7 that f*(u) have the required asymptotics as u — oo.
Assuming this for now, and using (4.6), we can rewrite ¢ as

ot (u) = e 0 A(u) ! ﬁ Au 4 n)~tedo/n (4.7)
n>1
¢~ (u) = e~ A0 H A(u —n) edo/m (4.8)
n>1

4.7. Asymptotics of f*. Recall Sterling’s asymptotic expansion [53, §12.33]
T(u) ~ e “u®Y2/2r (14 1/12u + 1/288u® + - - -)
valid on C\ R<g. This implies that, for any A € C

L(u—A)

ESY -1
~ 1+ h
0 uw M1+ hju " 4--)

and, differentiating with respect to A, that, for any k > 0

) (1)
I'(u)

~ (log (u)* (1 +h{u "t )

Let now Ay = Sp + Ng be the Jordan decomposition of Ay. By (4.5),

fru)™ =T(u—A)l(w) ™
CTu—8) ~T®(uw—8) (—N)*
(u) T(u—S) k!

Similarly, f~(u) ~ (14 ---)(—u)4o.
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4.8. Connection Matrix. Define the connection matriz of the system (4.1)
to be the function S : C — GL(V) given by

S(u) = (67 (w) " o™ (w)

Clearly, S(u) is 1-periodic, and therefore a function of z = e2™%,

Proposition. S is a rational function of z, reqular at 0,00, and such that
S(o0) = emrAo and S(0) = e~ mAo
PROOF. By Theorem 4.2, (iii)—(iv) S is a meromorphic function with finitely
many poles in the z—plane. To determine its behaviour as z — oo (resp.
z — 0), it suffices to consider the limit of S(u) as Im(u) — Foo, with Reu
lying in an interval of the form [a,a + 1[. Since both asymptotic expansions
T ~ Y (u)(£u)?° hold on the strip Re(u) € [a,a + 1[, we get
Su) == (¢" (wpu™ ™) (67 (w)(—w) ) (—u)™

~ A0 (u) Y (u) T (—u) Ao

=y~ A0 (—y)Ao
which is equal to exp(+miAg) depending on whether Im(u) < 0. O

Note that, if [Ag, A(u)] = 0, it follows by (4.7)—(4.8) that

— —
S(z) = H A(u+n)e™ /™ A(u) H A(u — n)eto/m
n>1 n>1
= Alu+2)Au+1) Au) A(u — 1)A(u — 2) - - -

where the last expression is understood as li_)rn Alu+n) - A(u+ 1)A(u)
Alu—1)--- A(u —n).
4.9. Example. The following basic example illustrates the constructions
given above, and plays an important role in the computations below. Con-

sider the scalar difference equation
u—a

1) =
Bu+1) = "2 o(u)
with coefficient matrix A(u) = Z: ® The canonical fundamental solutions
¢t are given by
INu—a) _ I'(l—u+b)

+ d — -7

The connection matrix S(u) is therefore equal to
e27rLu _ e27I'LCL
S(u) _ e7rL(b—a)

e2mu e27rLb ’

where we used [53, §12.14]
F(w) (1 —u) = m/sin(mu) (4.9)
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4.10. Inverse problem. Fix now Ay € End(V), and let S be a rational
function of z = €2™* such that S(co) = ™40 and S(0) = e ™40, We
now discuss the problem of finding a coefficient matrix A(u) of the form
1+ Agu=! + -+, and such that S(z) is the connection matrix of the system
(4.1) determined by A(u).

This may be phrased as the following factorization problem: find two
meromorphic functions ¢ (u) : C — End(V) such that

(a) ¢*(u) are holomorphic and invertible for + Re(u) > 0.
(b) ¢* possesses an asymptotic expansion of the form

¢ (u) ~ (14 Hfw™ + Hfu™2 +---) - (£u)
valid in any right (resp. left) half-plane.
(c) S(e*™) = ¢*(u) "¢ (u).

Once such a factorization is found, the coefficient matrix can be recon-
structed as

Aw) = ¢~ (u+ 19" (u) " = ¢* (u+1)¢" (u)™!
which is a rational function of u since its poles are contained in a strip
|Reu| < a by (a), and it tends to 1 as u — oo by (b). By uniqueness, the
canonical fundamental solutions of the difference equation defined by A(u)
are ¢*, so that its connection matrix is S by (c).

The above factorization, and therefore the inverse problem do not always
admit a solution. We refer the reader to [38] for several interesting cases
when a solution can be obtained. In 4.14—4.16, we shall restrict our attention
to the abelian case, that is assume that [S(z),S(w)] = 0. In this case a
solution always exists, and can be written explicitly in terms of Gamma
functions.

4.11. Uniqueness of the factorization. Assume that (bic,(béc(u) satisfy
the properties (a)—(c) of 4.10, and set

G(u) = ¢3 () (u) ™ = 7 (w)oy (u)™"
G is meromorphic and, by (b) tends to 1 as u — oo, so that G is a ratio-
nal function. Thus, ¢3 (u) = G(u)¢i (u), and the corresponding coefficient
matrices are related by the isomonodromic transformation

Agy (1) = ¢ (u+ 1)y (u) ™ = Glu+ 1) Ag, ()G(u) ™!

The following gives a necessary condition for the uniqueness of A. Call
two subsets A, B C C non—congruent if a —b ¢ Z* for any a € A, b € B.
We shall also say that A is non—congruent if it is non—congruent to itself.

Proposition. Let A(u), A'(u) : C — GL(V) be rational functions of the
form 1+ Agu™' 4 ---, and assume that the connection matrices of the dif-

ference equations determined by A and A’ are equal. Let P,Z C C (resp.
P, Z') be the poles of A(u), A(u)~! (resp. A'(u), A'(u)~t). If the pairs

z,P), (Z2,P), (£2Z2), (P,P)
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are non—congruent, then A = A’.

PROOF. By the foregoing, there exists a rational function G(u) : C — GL(V)
with G(oco) = 1, and such that A’(u) = G(u + 1)A(u)G(u)~'. Thus, G(u +
1) = A'(u)G(u)A(u)~! so that, for any n € N,

G(u) — A/(u . 1) . A/(u _ n) G(u o n) A(u o n)—l . A(u o 1)_1
Since G(u) is regular for Re(u) << 0, this implies that the poles of G are

contained in (P’ U Z)+N*. Similarly, G(u) = A'(v)"'G(u+1)A(u), so that
for any n € N

Gu)=Aw) ™ Au+n-1)"Gu+n)Au+n—1)-- A(u)

implying that the poles of G are contained in (2’ UP) — N. The non-
congruence assumption then implies that G has no poles, hence G = 1 and
A’ = A as claimed U

4.12.
Lemma. Let M : C — GL(V) be a rational function such that
[M (u), M(v)] = 0

for any u,v € C. Then, the semisimple and unipotent components Mg, My :
C — GL(V) of the Jordan decomposition of M are rational functions.

PROOF. Let a C End(V) be the span of {M (u)|u € C}. By assumption, a
is an abelian Lie subalgebra of End(V'), so that V = €, .- Vi, where V), is
the generalized eigenspace

Va={veV|(z—-X\z)Nv=0, Vz € a,N > 0}

Set M¢(u) = >, 1y 0 A(M(uw)), where 1y : V' — V) is the projection
operator, and M/, (u) = M{§(u)"'M(u). By construction, M{(u), M, (u)
commute, are semisimple and unipotent respectively, and satisfy M(u) =
M¢(u)M{;(u). By uniqueness of the Jordan decomposition Mg = Mg and
My = M, and the conclusion follows since Mg and M, are rational func-
tions. O

4.13. Poles of abelian matrix functions. Retain the notation of §4.12,
and let P, Pg, Py be the sets of poles of M(z), Mg(z), My(z), and Z, Zg, 2y
those of M (z)™!, Mg(2)™!, My (2)~! respectively.

Lemma. The following holds
(i) P=PsUPy and Z2 = Zg U Z.
(i) Pu = Zy.
(iii) The eigenvalues of M (z) are rational functions of z, and Ps (resp.
Zg) consist of the poles (resp. zeros) of those eigenvalues.
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PROOF. (ii) follows from My (2)*! = exp(£my (2)), with my = log(My (2)).
(i) and (iii) follow by choosing a basis of V' in which Mg(z) are all diagonal
and My (z) strictly upper triangular. O

4.14. Fix Ap € End(V), and let S : C — GL(V) be a rational function
such that

o S(o0) = p(on> S(0)~

* [5(2),S(w)] =

i [A07 S( )] =0
To factorise S(z), we shall need to choose logarithms of its poles and zeros.
Specifically, apply §4.13 to M(z) = S(z) and set

Zg = {aitier Ps =1{Bj}jes Pu = {0k trerx = Zv
Let (A(2), ) be a joint eigenvalue of (S(z), Ag). Then,
Mz)=e™ ] (z—a)™/(z=By)™
iel’ jeJ'

for some I’ C I,J' C J, and n;,m; € N*. Since S(c0) = S(0)~1, we get
Hﬁmja-_"i = 2™, Choose complex numbers {ag/\’“)}iep and {b?’“) Yiea

() (om0
such that e2me " — oy, e?mb; Y= Bj, and
Zm] pAH) Zn Aot) (4.10)

Let {0r}rer’ be the poles of the restriction of Sy(z) to the generalised

~ such

eigenspace of S(z) corresponding to (A, p), and choose {d,(;"”)}keK

(N ) .
that e2mdi " = 0. Finally, set

{ai}ier = U (@™ Yier {b},e5 = U{b e
(Am)

{ditrer = U {d" Yhero

(A,m)

Theorem. For any consistent choice as above, there is a rational function
A:C— GL(V) such that

e A=1-+ Aou_l +

o [A(u),A(v)] =0

e the connection matriz of the system defined by A(u) is S(z)

e the poles of A(u) (resp. A(u)™') are {b;}U{dy} (resp. {a;}U{dy}).

Moreover, if none of the sets {a;},{bj},{dr} are congruent to each other,
or to themselves, A is unique.
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PROOF. The uniqueness of A(u) follows from Proposition 4.11. To prove the
existence of A(u), let Ag = A5 + A} be the Jordan decomposition of Ajy.
Since

Ss(00) = ™4 = Sg(0)™!  and  Sy(oo) = ™40 = Sy (0)

it suffices to treat the cases when S(z) is semisimple and unipotent sepa-
rately, which we do in 4.15 and 4.16 respectively. (]

4.15. Semisimple case. Assume that Ay and S(z) are semisimple, let a C
End(V) be the abelian Lie algebra spanned by Ag and S(w), w € P!, and
decompose V = @, ..~ Vi as the direct sum of weight spaces under a. Since
it suffices to factorise S(z) on each V), the problem reduces to the scalar
case. We may therefore assume that

zZ — Q4
ApeC and S(z) = emAo H Py
where o, §; are such that [], aiﬂi_l = e 2mA 50 that S(0) = e ™40, Let
a;, b; € C be such that

e27I'LCL7; = q e27rLbi — /87, Z bz —a; = AO
i
Then, by Example 4.9, the factorization problem is solved by

B F(u — ai) - P(l —u—+ bz)
¢+_Hf(u—bi) and ¢_Hr(1—u+a,-)

i

The corresponding coefficient matrix is

Aw) = 6% (u+ Do* () = [ ==

u—bi

i
4.16. Unipotent case. If A is nilpotent, and S(z) unipotent, taking loga-

rithms reduces the factorization problem to finding meromorphic functions
¢* : C — End(V) such that

(a) ¢* is holomorphic for + Re(u) > 0
(b) T (u) has an asymptotic expansion of the form

oE(u) ~ Aglog(fu) + hiu™" + hifu™ + -

valid in any right (resp. left) half-plane.

(c) ¢~ (u) — *(u) = log(S(e*™))
Since S(00) = ™40 = S(0)~!, it follows that

log(S(2)) = o+ 30 30

k r>1
where {05} are the poles of S(z), and C. ; € End(V') are such that

D Crpl(=0) 7" = —2m Ay (4.11)
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To obtain an additive factorization of log(S(z)), we first determine mero-
morphic functions o (u, d) for any r > 1 and d € C, which are holomorphic
for + Re(u) > 0, and such that

@;(u’d) - 907—!_(“7 d) =

P (4.12)

2w 2med

where z = e and 0 =e
Set U (u) = I'"(u)/T'(u) and ¥~ (u) = I'"(1 — u)/T'(1 — u). Taking loga-
rithmic derivatives in I'(1 — u)I'(u) = 7w/ sin(7u), we get

U (1) — U (u) = 7 cot(mu) = 7t (2 o+ 1)

so that the functions

o (uyd) = — <Lt(u —d) l)

20 u 2
solve (4.12) for r = 1. Next, if o (u,d) solve (4.12) for a given r, then
2murz

8u90; (’LL, d) - 8“90:_(25 d) - (Z _ 5)7’4—1

= —2mur ((z _(;)r-i-l T (2 —15)T>

+ 1> o= (u,d) solve (4.12) for r 4+ 1. We

O

2mr

1
so that ¢ (u,d) = -5 (
therefore recursively get

_pr—1 +
I (—96) Oy U*(u—d) 1
d) = — 1 —_— + - 4.13
or (. d) 2 g<2mk+ >< ™ 2 (4.13)

Since UF(u) = log(+u) + O(u~"') in any right (resp. left) half-plane [53,
§12.33], where O(u~") denotes an element of u~'C[[u~!]], it follows that
log(+ 1
) ~—(-0r (B 1) ot

Choose now dj, € C such that e?™ = §;, and set

2T

mLA
o) = F o + ; @ (u, di) Ol

then ¢~ (u) — ¢ (u) =log S(z) and, in any right (resp. left) half-plane,

4 mLAg log(+u) 1 . _1
~ — 4= _
P~ F ( 5 1 > " Crp(—=0k) "+ O(u™)
__mA log(+u) 1 1
=F— + 2m Ay < . + 1 +O0(u )

= Aglog(+u) + O(u™1)

where we used (4.11), as required.
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To determine the coefficient matrix of the difference equation, let A be
the operator defined by Af(u) = f(u+ 1) — f(u). Since AV (u) = 1/u,
(4.13) yields

r—1
" (=9 Oy 1
Apr (u,d) = 2mL kl;[l <2mk + 1) u—d

so that A(u) = exp(Ap™T) is given by

A = esp o2 S a0 T (52 4 1) G
u) = exp 27 k 2mik u — dj

k,r k=1

5. THE FUNCTOR [

In this section, we construct a functor [ from a dense subcategory of
Ot (Ya(9)) to 0w (Ug(Lg)).-

5.1. Non—congruent representations. We shall say that V' € O,,,(Yx(g))
is non-congruent if, for any i € I, the poles of z; (u) (resp. z; (u)) are not
congruent modulo Z. Let ON¢(Y;(g)) be the full subcategory of O, (Yr(g))

consisting of non—congruent representations.

5.2. Contours. By a Jordan curve C, we shall mean a disjoint union of
simple, closed curves in C, the inner domains of which are pairwise disjoint.
By definition, the inner (resp. outer) domain of C is the union (resp. inter-
section) of those of its connected components. If C is a Jordan curve, and f
a continuous function on C, we shall set

$ rwau =5 [

The definition of I' relies upon the following contours of integration. Given
V € O, (Yn(g)), a weight € h* of V', and i € I, we shall denote by Cii’u cC
a Jordan curve such that
N -
(1) Ci,u
(i) ¢,
Note that such a curve exists for any ¢ € I and weight p € bh* if V is
non—congruent.

encloses the poles of z:7(u),,.
encloses no Z*~translate of the poles of 23 (u), and 7 (1) +a, -

5.3. Quantum loop operators. Given V € OX°(Y;(g)), and a weight

int

of V', we define the action of the generators of U,(Lg) on the p—weight space
Vi of [(V) =V as follows.

(i) For any h € b, set (Kp), = ¢"M.
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(ii) For any i € I, consider the abelian, additive difference equation

Gi(u + 1)u = 5Z(U)M¢Z(u)u (5.1)
with coefficient matrix & (u), = 1+ h&ou=t + ---. Let S;(u), be
its connection matrix, as defined in 4.8. Set

\PZ(Z);L = Si(u)p|e2ﬂbuzz
and let \I/,(z)iE € End(V,,)[[zT!]] be its Taylor expansions at co and
0 respectively.

To define the action of the remaining generators of U,(Lg), consider the
fundamental solutions ¢7(u), of (5.1), as defined in 4.2. Define g;*(u),, :
C — GL(V,) by

g; (W) = ¢; (u), and g;r(u)u = qb:r(u + 1);1 (5.2)
Note that, by (4.7)-(4.8),

.
g; (W) = e "0 T &(u—n), eeoln (5.3)
n>1
<—
g7 (W =[] e 0/ gi(u+n), o (5.4)
n>1

(iii) Let ¢; € C* be scalars such that
;¢ = d;T(hd;)? (5.5)

For any + € I and k € Z, the action of Xi as an operator V,, —
Vita, is given by

(X5), = ¢ éi 2R gE () o 2 (u),, du (5.6)
G

where the contours Ciiu are chosen as in 5.2.

Remark. The above definition implies that the generating functions
+ + _—k + - + —k
X; (Z): = Z iz and X (2), = _Z ik
k>0 k<0

are the expansions at z = oo and z = 0 of the rational function
+ + ? + +
X (2 = ¢ yéi (m) 9; (W) pta, 2 (u)y du (5.7)
i

where z lies outside the contour eXp(ZﬁLC;t:u).

Remark. The operator (5.6) is independent of the choice of the contour
Cfu satisfying the conditions of §5.2. Indeed, by (5.3)—(5.4) and Lemma 3.7,

the poles of gijE (4)yta; are contained in the Zgo-translates of the poles of

zE (u)  and x (u) pta;- In particular, g (u) is holomorphic inside C;Eu.
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—

It also follows that, for any finite collection of weights = C h* of V, a
contour C;* can be chosen which satisfies (i)-(ii) of §5.2 for all u € =.

5.4.

Theorem.

(i) The above operators give rise to an action of Uy(Lg) on V. They
therefore define an exact, faithful functor

M OL (Ya(g)) — Ou(Uy(Lg))

int

(ii) The functor T is compatible with shift automorphisms. That is, for
any V € OX(Yy(g)) and a € C,

M(V(a)) =T (V)(e™)

(ili) Let I C C be a non—congruent subset such that 114+ 1h C II. Then,
O (Yi(g)) is a subcategory of OXC(Yi(g)), and T restricts to a func-

int int

tor
M : OL(Ya(g)) — OLL(Ug(Lg))

int

where Q = exp(2mII).

PRrROOF. (i) The relations (QLO), (QL1) and (QL2) clearly hold. We prove
(QL3) in 5.6, (QL4) in 5.7 and (QL5) in 5.9. Relation (QL6) is a conse-
quence of Proposition 2.13.

A word on notation: the relations of U,(Lg) need to be verified on a given
weight space. For notational convenience, we omit the subscript indicating
the weight space in the proofs below. Moreover, the contours CZ-jE are chosen
to satisfy the conditions of §5.2 for all the weight spaces under consideration,
consistently with Remark 5.3.

(ii) is proved in 5.10.

(iii) follows from Theorem 3.8 and the monodromy computation in 4.9.

O

5.5. Set I'F(u) = I'(1 & u), and note that the identity (4.9) reads

2mu

eﬂ'l,u _ e—ﬂ'bu

I~ (u)l't(u) = (5.8)

Let V € O,(Yn(g)), i, € I, and a = hd;a;j/2. We shall need the following

Proposition. Let C be a Jordan curve with interior domain D, 1,8 C C
two open subsets with D C Qo, and f : Q1 x Qo — End(V') a holomorphic
function such that [§;(u), f(u,v)] = 0 for any u,v. Then, the following holds

for any e,n € {£}.
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(i) Ifu ¢ D =+ ea,

Ad(&(u))ﬂ}éf(u’v) x5 (v)dv = yé <

u—v -+ ea

+1
> f(u,v) 25 (v)dv

u—v—e€a
(i) Ifu ¢ D+ ea — nN*

Ad(g! (u))*! ggfw,v) 25(w)du = §5

c <M>ilf(uav) a§(v)dv

I'(u — v+ e€a)

(iii) Ifu ¢ D+ ea+7Z

eaijz —w +1
(L=m2) oo

)
z2—q; "w

Ad(S;(u))*! §é £, 0) 25 () dv = 7§

C

2miu 2w

where z = e and w =e

PROOF. (i) follows by left multiplying (¥3) by f(u,v) and integrating along
C.
(ii) A repeated application of (i) shows that, for any n > 1

Ad(E:(u+ ) - Ex(u + 1)) yéf(w v) 5 (v)dv

n +1
:§£H<u+nm v—l—ea) £, ) 25 (0)d
C sy u+nm—v—e€a

solong asu ¢ D+ea—{n,...,nn}. The result then follows from (5.3)—(5.4),
[A&i0, 75 (v)] = €2az§(v) and the fact that, for any o, 3 € C

Ao-p) T] M -ese | BLB) _TH(B) _T7(=5)
¢ }1 mt+p. " all@ (@) I (-
(iii) follows from (i)—(ii), the fact that
Si(u) = g (u)€i(u)g; (u) (5.9)
and (5.8). O
5.6. Proof of (QL3). We shall check that
2 (Ad(\Ili(z))Xﬁ — g x;;) = gAY ()X, — XL, (5.10)

The relation (QL3) then follows by expanding around z = oo and z = 0.

Since (5.10) is an equality of rational functions, it suffices to prove it when
z lies outside of exp(2mC;E). Since gj»t is holomorphic inside C;E by Remark
5.3, Proposition 5.5 implies that, for any k € Z,

4"z —w
Ad(\I/i(z))ka = c;-—L §£i wk’#ﬁg;i(v)xi(v)dv
¢t z—gq
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where w = exp(2mwwv). The left-hand side of (5.10) is therefore equal to

qia“z w

+ 14 i — +ag; + +

Cj %ﬂ: 2w — Tay; q; 9; (U)ﬂi‘j (U)dv
C; z—q, “w

and the right—-hand side to
v @ —w
+ ep1 [ Foly ETW +ooyd
& yéi w (qi =T 1> g; (v)z; (v)dv

5.7. Proof of (QL4). We shall prove (QL4) in the form
:|:CL»L :l:az
XZ:EC-FIX]#:Z JXi Xyim—l = ]Xi XZ:EC-FI in@rlxz‘ik (5.11)

Set a = hd;a;;/2, so that exp(2ma) = ¢;”. By Proposition 5.5,

T T tai; or ™
é’i (62 L(k+1)ue2 o q; @ij 2k o2 L(Z—l-l)v) gzi(u)x;t(u)dug]i(v)

I'*(v —u=+a)
+ . 2mi(kuttv) [ 2mu 2mi(vta) + +
= g; (v) yéli e (e —e > o —u=a 0 a) g; (u)z; (u)du

(5.12)

so long as v ¢ ﬁfﬁ Fa F N*. As a function of v, the integrand on the
right-hand side of (5.12) is regular on C;* & a F N* since the (simple) poles
of T*(v — u + a) are cancelled by the zeros of (e*™* — e2m(vi“)). It follows
that (5.12) holds for any v.

Right multiplying the above by xjt (v) and integrating along v € C;E then
shows that the left-hand side of (5.11) is equal to

:tc;ﬁ:¢ ¢ e27n(ku+£v) <e27nu _ e27n(v:|:a))
o Jeft

IMtw—uta)
I'+(v—u¥Fa) 9i
Similarly, the right—hand side is equal to

ic;!:% % e27n(ku+€v) <e27n(u:|:a) - e27rw)
o ek

+ u—"v a
‘ ﬁgf (w)g; (v)a; (V) (u)dudv

(u)gE (v)zs (u)a:jc (v)dudv

J K3

By , the latter expression may be rewritten as

% % 2mu(ku+Lv) 27rL(u:|:a) o 27rw)
o ek

U—uiafi(u—via) i
v—uFal*(u—vFa)’

() (v) () (v) dudv

(2



40 S. GAUTAM AND V. TOLEDANO LAREDO

since the contribution of the terms [mfo,a:;c (v)] and [z (u), = T £, (v)] to the

double integral is zero given that (e2™(4*¢) — e2™)[*(y — ¢ 4 a) is holo-
morphic in D; x D;.
(QL4) now follows from the fact that ' (z) = '~ (—z) and (5.8).

5.8. We shall need the following result to show that relation (QL5) holds.

Lemma. Let C C C be a Jordan curve with interior domain D, {(u) a
meromorphic function with no singularities on C, and f(u,v) a meromorphic
function with no smgulamtzes m D x D. Then,

§£§I§f §0) Z80) gy gy = — §1§fuu

PROOF. Let C< be a small deformation of C contained in C. Then,

7§§£f 5( § =80 gy gy = §é< b f(u,v)%ﬂdu) dv
_ §é< b f(u,v)%du) dv
- 55 £(u )( c{f“_?dv) du
- e

5.9. Proof of (QL5). We have
5 5éy§ 2R G () () (v)a (o) dudo

_c C % §£C+ 2miku 2m£v ( ) ]_(v)gj(u)xj(u)dudv

We wish to apply Proposition 5.5 to permute z; (u) and 9; (v) in the first
integral, and z; (v) and g; (u) in the second. This cannot be done directly

however, since C;” 5 v may lie inside 52_ —a+N*, where a = hd;a;;/2, and
Cl~+ 5 u may lie inside ﬁj_ +a— N*,
To circumvent this issue, let § € C and consider the shifted integral

= c c féJr % 2miku  2mily +(u+ d)x; ( )g]_ (v — 5)x;(v)dudv

—C C % ¢+ 2miku 27rLév ( —5)£Ej_(v)g:_(u—|—5);pl+(u)dvdu
C;

I(8) is holomorphic in a disk || < R, where R is such that g and g; are
holomorphic on D, +4' and D —¢ for any ¢’ such that [0'| < R respectively.
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Moreover, if Cl~+ ,Cj_ are small enough, there is an » < R such that if |§] > r,
Ej_ —4¢ is disjoint from Ej —a+N*, and EZF—HS is disjoint from Ej_ +a—N*.

Assuming that r < |§| < R, we may now apply Proposition 5.5 to find
that I(0) is equal to

B ok 2l I''v—-6—u+a _
+Cj éﬁ 55 2miku ,2mel +(u+5)gj (v— 5)1“ E + ) Fu )g;j (v)dudv

—(5—u—a)

[(u+0—v—a)
27rLku 27rLZv +
—c c 55 yé+ (v 5)gZ (u+9) ( 5o )xj (v)z;" (u)dvdu

Since I't (z) = T~ (z), this yields

miku 21l ''u+dé—v—a _
§é+y§ 2miku  2mil +(u+5)g]( 5)P+Eu+5_v+a;[:n;"(u),xj (v)]dudv

C_
It (u+406—v—nhd;)&(u) — &(v)
_ 2miku 27rLZv + i) St )
hézjyé+y§ T(u+9)g; (v 5)F+(u+5—v+hd,~) pp— dudv

where we used ()5).

Since the function I't(u + § — v — hd;) is holomorphic on D; x D; for
|0| > r, the only singularities of the integrand are the poles of &;(u), & (v).
Choosing the contours C’Z-'JE to be equal to a common contour C; which contains
all poles of &, Lemma 5.8 then yields

I1(0) = cjcj_héij§£ 2mulk+E)u g (u+68)g; (u— 6) L Gl hdi)gi(u)du (5.13)

¢, '+ (6 + hd;)
Since both I(0) and the right-hand side J(J) of (5.13) are holomorphic
functions on the disk |§| < R, I(0) is equal to

J(0) = d;5hc; qFETZZ;% 2k 0u gt (1)) g - (w)éi(u)du

2
_ 52']' 7TL‘ fé e27rL(k+Z)uSi(u)du

qi — q; f
5
= — 5& sz\I/i(z)dz
s (
- TR o )
k44 k44
¢ _ql 1,k+ 1,k+

where the second equality follows from (5.9), (5.5) and (5.8), the third from
the change of variables z = exp(2miu) 7. and the fourth from the fact that
Ci = exp(2m.C;) encloses all the poles of ¥; by 5.2 (i), and neither z = 0 nor
z = 00.

Twe are assuming C; to be small enough that the exponential map is injective on each

of the connected components of its interior domain D;
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5.10. Compatibility with shift automorphisms. Let p: Y;(g) — End(V)
be the action of Y;(g) on V and p, : Y5(g) — End(V') the pull-back of p via
the shift automorphism 7, of Y;(g). Thus, for y = &, x;t we have

pa(y(uw)) = p(y(u — a))
We need to show that for Y = U,, Xii, the following holds on V

M(pa) (Y (2)) = T (p)(Y (e72™2))
For notational convenience, we denote the left-hand side by EN/(z) and the
right-hand side by Y (a~'z). By definition, W;(2) is obtained from the
monodromy of the difference equation
Gi(u+1) = &i(u — a)gy(u)

Clearly if ¢ (u) and S;(u) are the fundamental solutions and the connection
matrix of ¢;(u + 1) = &(u)¢;(u), then ¢ (u — a), S;(u — a) are those of the
difference equation ¢;(u + 1) = &;(u — a)¢;(u). Therefore, we get

i) = Siu = 0|z = 5i(0)|.gamiurar = Wile>702)
Next, if C is the contour used to define X*(2), then C + a can be taken

as the contour for X (2). It follows that

vE + z + +
XE(2) = ¢ 515 — g (u— @) (u— a)du
Cta ?— €

z
= cf yé T et gli(u)xli(u)du

— Xi:t (6_27”0’2)

6. THE INVERSE FUNCTOR "1

Let © C C* be a subset stable under multiplication by ¢, and IT € C a
non—congruent subset stable under shifts by %Zh such that Q = exp(2m.II).
In this section, we construct a functor

T 05 (Ug(Lg)) — O3 (Ya(g))

int

which is an inverse to the functor 'ty given by Theorem 5.4.

6.1. Inverse monodromy problem. Let V € O (U,(Lg)), and let u € h*
be a weight of V. For any i € I, Proposition 3.6 yields a GL(V,)-valued
rational function W;(2), satisfying

\I’z(oo)u — qZH(ai ) — \Ilz(o)ll

and such that the poles of \I’i(z)/jfl are contained in II. Set Ay = hd;u(e)
so that W;(c0), = exp(mtAy), and S;(u) = ¥ (627”“)u.
Lemma. There exists a unique rational function A(u): C — GL(V,) such
that
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o Alu) =1+ Agu™t +---.

o [A(u),A(v)] =0 for any u,v.

e the poles of A(u)*! are contained in I1.

o Si(u) is the connection matriz of p(u+1) = A(u)p(u).

ProOF. By Theorem 4.14, the inverse monodromy problem may be solved
by making a choice of logarithms of the zeros and poles of the eigenvalues
of W;(2),, and of the poles of the unipotent part of ¥;(z),. Choosing the
logarithms to lie in II leads to a unique coefficient matrix A(u) since II is
non—congruent. We do however need to check that the choices are consistent
in the sense of equation (4.10).

Let v(z) be an eigenvalue of W;(z) on the weight space V,. By [24],[32,
Prop. 16], there are two monic polynomials Q(z), R(z), not vanishing at
z = 0, and such that

deg(R)-deg(Q) Q% 2) R(2)
Z) =q.:
e = Q) R(@)
Let Q(z) = [[;( — Bj) and R(z) = [[;(z — B;). Let b;,bj € II be such
that e?™bi = Bj and e2mb, — By Since II is stable under shifts by /2,

bj — d;h,bj, — d;h are logarithms of ¢; ﬁ] and q; 5k respectively, which lie
in IT. S1nce Ao = hd;p(er), the consistency requirement (4.10) reads

> b+ (b, —dih) = > (b — dih) — Zbk_hdlu Y)
J k

J

\
The latter holds since ¥;(oc0) acts on V), as multiplication by qf(o‘i )7

g9 R and ¢ is not a root of unity. U

6.2. Yangian operators. Given V € O (U,(Lg)), and a weight u € h* of
V, define the action of the generators of Y;,(g) on V), as follows.

(i) The action of h on V), is by weight p. Note that Kj = g™ on Vi
for every h € b determines p € h* uniquely.
(ii) &(u), acts as the coefficient matrix A(u) given by Lemma 6.1.

Let (JSZ:t(’LL) x be the fundamental solutions of the difference equation deter-
mined by & (u),, and define g:*(u), by (5.2). Let C;,, C C a Jordan curve
such that

(8) €
their Z*—translates.
(b) Cij,[u encloses none of the Z*—translates of the poles of &;(u),,

Note that such a curve exists since the poles of &(u);l

and the latter is nonfcongruent

(e2™) contained in II, and none of

encloses all the poles of Xii
1-
are contained in 11,

(iii) The generators :17 . act on V,, by

1 T
(ml:{:T>u = ﬁ Ci v 9i ( ),u,:ltaiXi:t (62 )N dv (61)
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Note that these operators are independent of the choice of the con-
tour C;, since, by assumption (b) and (5.3)-(5.4), gii(v);jmi are
holomorphic inside C; ,. In terms of the fields 7 (u), (6.1) may be
rewritten as

= [ A O A ) e 62)
for u not enclosed byy Cip-
6.3.
Theorem.

(i) The above operators define an action of Yi(g) on V.
(ii) As a representation of Yi(g), V lies in O (Yi(g)).

int

(iii) The corresponding functor Ty : O, (U,(Lg)) — O5 (Yi(g)) satisfies

int
Mo =102 w,wey  ond  Tmoln=1lon )

In particular, if I1 is a fundamental domain for u — u+1, 'y gives
rise to an isomorphism of categories O (YVi(g)) = Ou(Uy(Lg)).

(iv) The functor T is compatible with shift automorphisms. That is,
for any V € 0%, (U,(Lg)), and a € C

Ta(V(e®™)) = Tn(V)(a)

PROOF. (i) The relations (Y0), (Y1) and (Y2) hold trivially. After some
preparatory work in 6.5-6.6, we prove (Y3) in §6.7, (Y4) in §6.8 and (Y5)
in §6.9. Relation (Y6) follows from Proposition 2.7.

(ii) By construction, {&;(u)};cr have zeros and poles in II. It follows by
Theorem 3.8 part (ii) that (V) lies in O (Vi(g)).

(iii) The fact that 'y o (V) = V as modules over the subalgebra of
U,(Lg) generated by {\I/i::tr}iEI,T’EN follows from the definition of I', and the
fact that Lemma 6.1 solves an inverse monodromy problem. The fact that
T oln(V) =V as modules over the commutative subalgebra of Y;(g) gen-
erated by {&;, }ierren follows from the uniqueness statement of Lemma 6.1.
The corresponding assertions for the generators :Efr,Xii of Yx(g),U,(Lg)
are checked in 6.10 and 6.11 respectively.

(iv) Follows by a direct check similar to that in 5.10, or by applying 44
and using Theorem 5.4 (ii). O

6.4.

Remark. We observe that one can always find II C C which is stable under
shifts by % and is a fundamental domain for v + u + 1, assuming that A is
not rational. If Im(h) # 0, IT may be taken to be the strip bounded between
RA and RA 4+ 1 including RA.

If h € R\ Q, we claim that there exists U C R such that U + g cU

2w

and u — e is a bijection between U and S'. Assuming this, take II =
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{u+ 1t :u € Ut e R}. To prove the claim, we shall use Zorn’s lemma as
follows. Let U to be the set of all subsets V' C R such that V is stable under
shifts by h/2 and u + e?™ is an injective map from V to S'. The set U is
non—empty, since Zg is an element of U. Moreover every chain in U has the
largest element in U and hence by Zorn’s lemma U has a maximal element
U. We claim that u +— e>™ is a bijection between U and S'. If not, then
there exists z € R such that  #Z y (mod Z) for every y € U. The same is
true for every z + nh (n € %Z) and hence U U {x + nh},cq/2)z is also in U,
contradicting the maximality of U.

6.5.

Lemma. Let C be a Jordan curve the interior domain D of which is non—
congruent, and f a meromorphic function on a neighborhood of D with no
singularities on C. Let a € C\ Z, and assume that

e27rL(u+a) _ g2mw
/C e2mu _ g2mi(vta) f(’U)dU =0

for any u ¢ D+ a+7Z. Then, f has no poles in D.

2mu

Proor. Expanding the above integral near e = oo shows that

/ 627”kvf(v)d’l) -0
C

for any k € N, and therefore that fc p(e?™) f(v)dv = 0 for any polynomial
p. Let {b;};es be the poles of f in D, and {n;};cs their orders. For any
7€ J, set

pj(w) = (w = )" T (w = B;0)"

J'#i
where 3, = e?™%. Then p(e?™?)f(v) is holomorphic on D\ {b;} and has
a pole of order 1 at v = b; since D is non-congruent. It follows that
Jop(e*™) f(v)dv # 0, a contradiction. O

6.6. Let i,j € I, and set a = hd;a;;/2. The following is a converse to
Proposition 5.5.

Proposition. Let C be a Jordan curve with interior domain D, and f : C —
End(V) a meromorphic function with no singularities in D, and such that
[U;(e?™), f(v)] = 0 for any u,v. Then, the following holds for any e € {£}.

() Ifu¢ Dxea+7Z

Ad @) [ fw) 25

+1
e27rL(u+ea) _ 2mw 9
- /C <e27nu — e2mi(vtea) f(U) Xj (6 )dU

Assume moreover that D is such that
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(1) D is non-congruent. -
(2) Q + a s non—congruent to D — a.
(3) D + a are non—congruent to the set of poles of &;(u)

Then, the following holds for any e,n € {£}.
(i) Ifu ¢ D + ea — nN*

:I: 7rw Fn(u_v_ea) = € TLY
9, 1/f e dU—/<m> f(U)Xj(€2 )dv

+1

(iii) If u ¢ D =+ ea,
(u +1 v € e27rw v = u—v-+ea = v §e27rw v
M) [ x5 = [ (A po) agema

uU—v—e€a

PROOF. (i) follows by left multiplying (QL3) by f and integrating along C.
(ii)—(iii) Fix a weight pu of V, and let E€ C Hom(Vu,VwEa ) be the sub-
space spanned by elements of the form [, f(v)X ) X5 (e mydy, where f(v) is

meromorphic with no singularities in D, and commutes with W;(e?™*) for

all u,v. By (i), E¢ is stable under Ad(¥;(e?™%)) for u ¢ D + ea + Z, and
therefore for any u since ¥;(e2™%) is meromorphic in u. It follows that E*
is stable under Ad(¢;(u)) and Ad(g)(u)). We now wish to show that the
action of Ad(g](u)) and Ad(&(u)) on E€ is given by the formulae (ii)—(iii).
We shall do so by showing that the formulae (ii) define meromorphic au-
tomorphisms of E¢ which factorise Ad(¥;(e?™%)), and then relying on the
uniqueness statement of Proposition 4.11.
For u ¢ D + ea — nN*, define G"(u) € GL(E®) by

I'"(u—v —ea)
€ 27rw €/ 2w
/ f X d’U / Pn U —v+ ea) f(U)XJ (6 )dU

Note that this is well-defined by (i), Lemma 6.5 and the fact that D is non—
congruent. Since the right—hand side is a meromorphic function of u € C,
and lies in E€ for u ¢ D + ea — nN*, it lies in E° for all w.

It is clear that G"(u) are invertible and holomorphic for Re(+u) > 0, and
that G (u)'G™ (u) = Ad(P;(e*™))| .. Set

E(u) =G (u+ 1)GH (w) ™ = G (u+ 1) (u) !

)il

is given by

+1
/f ™) dy — / (“_” +“‘> F(0) X (™) do

u—v—ea

By inspection, Z(u

for any u ¢ D + ea. Since the poles of Z(u)*! are contained in D + ea, and
those of Ad(&;(u))ge are contained in II which is non—congruent, it follows
from our assumptions on D and Proposition 4.11 that Z(u) = (Ad(&(w))] g,
and therefore that G"(u) = (Ad(g](u))|ge- O
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6.7. Proof of (Y3). It suffices to prove (Y3) for u,v large enough. Let
i,j € I, and set a = hd;a;;/2. Since the contour C;E defining x;t(v) in (6.1)
is only required to contain the poles of {;(v), and the latter are contained
in IT which is non—congruent and stable under shift by //2, we may choose
C;E so that it also satisfies the conditions (1)—(3) of Proposition 6.6. It then
follows that

GO0 = 3 [ e () a

¢ v—2)(u—v Fa)

so long as u F a and v do not lie within C;. (V3) now follows from the fact
that
u—2v+a u—vta 1 2a 1

(v—2")(u—"Fa) _u—v:Fav—v’:Fu—v:Fa uFa—v

6.8. Proof of (Y4). We shall prove that

+ + + .+ +, £ _ .+ % :I: :I:
xi,r—l—lxj s Ty T‘Tj s+1 + ax; rx] s LZ'] sTi o+l ] s+1xz T + awg LL’ (63)

The left—hand side , multiplied by ci cj is equal to
1 r, s + —1 py=+ ( 2mu\ £ —1 v+ ([ 2mw
ﬁ/ei/aiuv (u—vFa)g (u) X" (e )gj (v) 7 &; (e*™) dudv

Choose C, C;E so that they satisfy conditions (a)—(c) of Proposition 6.6 with
respect to &j(v) and &;(u) respectively, as well as

¢t (Di+axN*) =0 =C* N (D; £aFN¥)
Where D;, D; are the interior domains of Cii,C;E. Then, the above is equal
/ / u" v (u— v:Fa)F v-u¥a) i(u)_lgi(v)_lX-i (627”“) X+ (627””) du dv
h2 Ci ci Fi( uia) 9i J v J

Slmllarly, the right-hand side of (6.3) multiplied by cfccjE is equal to

Fi(U—U:FCL) + -1 =+ -1 p* 2T + 2T

By Q£4) this may be rewritten as

1 UTUS(U s a) F:I:(u —vF CL) e27rL(v:|:a) — 2mau
h? cx Jez I+ (u — v+ a) e2mv — 2m(uFa)

. gl;l:(u)—lg;l:(v)—lxi:l: (e2mu) Xj:l: (e2mv) du dv

Indeed, neither of the boundary terms e2™? (X jioX £ (e2muy ﬂ-mj TXE (P X fb)
and e2mv (X%Xf(e%w) - ia“X jE( 2“”)&%) from (QL4) contribute to

the double integral since (u — v + a)/(e2™ — e2m(u+a))
poles inside CfE X C;E.

does not have any
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The result now follows from the fact that I'F(z) = I'*(—z), and (5.8).

6.9. Proof of (Y5). We need to prove that for any i, j € T and r,s € N we

have
[z, 25 ]

i xj7s = 5ij§i,r+s

Choosing the contours C~+ C; as in 6.8, Proposition 6.6 yields

r,.s -1 2T — -1 - 2wy
:_7" gs:ccjh2/c+/uvgl+ Xi+(e )gj('U) Xj (6 )dudv

_ 1 r s + - -1 r~ (U —UuU— CL) + ( 2mu — (. 2mw
_c ¢ ~h? /c+/ung gj ) F_(v—u—i-a)Xi (e )Xj (e*™") dudv
Similarly,
I'(u—v+a)
— _ r s + - -1 - 2T + 2T
Ljs zr_ jcjhz/ch/uvgl gj (v) ij (e )Xi (e )dudv
Since 't (z) = ( ) it follows that

- _ +( — (-1
@i sl = cr ¢ cten? /c+ / urotgi gj 2

' (u—v+a)

TH(u—v—a) [ (™), &7 ()] dudo

By (QL5), we get

+ Tl = r.s + _ -1
[xi7’r‘7xj7s] - - ql C h2 \/CJr / u v gl g_] ('U)
r+ (u — v+ a) ( 27er) . 27rL(v—u)\I/Z. (e2mu) e
F+ (’LL — v — a) 1 — e2mi(v—u)

since the contribution of the boundary term W, to the double integral is
zero given that the function I'"(u — v 4 a) is holomorphic in D; x D;. We
may therefore assume that ¢ = j.

Note that

2 2mu(v— 2 2 2
U, (6 7'([,1)) —e (v u)\I,Z (6 ﬂLu) _ U, (6 7rw) —, (6 ﬂLu) Ly, (627rm)
1 — e2mi(v—u) 1 — e2m(v—u)

and that the second summand on the right-hand side does not contribute
to the double integral. Choosing the contours CZ-jE to be equal to a common
contour C; which contains all poles of & (u), we may apply Lemma 5.8 to
find

1 1 T+(hdy)
+ -] = v r—i—s + 1 - —1\11' 2mLu d
[xlwxl’S] qi — q{l c;rci_ii? '~ (hd;) /CZ g (w)"gr () ' (e ) "

where we used the fact that

i U — v 1
uliﬁj 1— e27rL(v u) 271
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Using (5.9), (5.5) and (4.9), we then get

_ 1
[‘T:T, $i78] = 5mih /CZ uT—I—sgi(u) du = &77“4-8

6.10. Proof that ol = 1. Let V € O (Y(g)). By (5.7), = (u) acts
on Ipolp(V) as

L g a

%

c:.l: ciﬂ:u—’l)

1 _ 1
N /ci u— vg;t(v) 1 (éi maf@’)ﬁ(d)m’) dv

where u lies outside of Cz.i, and CZ-jE lies outside of C’ Zi +Z. Assuming that CZ.jE
contains C’ ;t and none of its Z*—translates, and integrating in v first yields

1 1

/i (V') dv' = %i(u)

2 + U —
L C/iu v

where the equality follows from the fact that C’ Zi contains all the poles of

6.11. Proof that I'mo Ty = 1. Let V € O (U,(Lg)). Then, X*(2) acts
on 'mo (V) as

), ot Ot W) do
C

+ 22— e27rw
1

1 /
- 515 #gli(v)/ gfc(v’)_lzl’ii(e%w ) dv' dv
C C

+ z — 2w v —
7 7

where z lies outside of eXp(2mCii), and C’ii lies outside of C’ ;t . Assuming
that CZ-jE contains C’ fc , and integrating in v first yields

z 4+ 2w’ ! z + dw
/ + 2mw’ Xi (6 ) dv = =+ Xz’ (w)
Cli z— € li zZ— W w

5+
where C'; = exp(2miC’ Zi ) contains all the poles of Xii. Since the one—form
dw/(z —w)w is regular on P\ {2,0}, and X*(0) = 0, the above is equal to
XE(2).

7

7. ¢—CHARACTERS

7.1. g—characters for U,(Lg). The g—characters of finite-dimensional rep-
resentations of the quantum loop algebra U, (Lg) of a semisimple Lie algebra
were introduced by Frenkel-Reshetikhin in [24], and later extended to the
case of a symmetrisable Kac-Moody algebra by Hernandez in [31, 32]. We
follow the presentation in [31, 32].
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Let V € O,,,(Uy(Lg)). Given a collection v = (Wfim)iel,mgN of complex

(o)

numbers, and p € h* such that qii” = yfo, define V[u,~] as follows

V[, ~] = {v € V| Ko = ¢"Mv, and
dp > 0 such that (\I’fcim - yfim)pv =0Vi e I,m e N}
Proposition. For a given pair (u,7), set
%) 5= v
m>0
Then, there exists V € O,,(Uqg(Lg)) such that V|p,~] # 0 if, and only if

(i) There exist monic polynomials {Q;(w), Ri(w)} such that Q;(0) # 0,
Ri(0) # 0 and for every i € I we have

o _ —den(Q)+deg(R) Qi(672) Ri(2)
= q. 7.1
(ii) u < X for some X € Py.

Yi(z

7.2. Consider the collection of variables {Y;.};e14ecx, and let A be the
abelian group consisting of elements e(u) - M, where p € h* and M is a
Laurent monomial in the variables {Y; .} such that

wla)) = Z degree of Y; , in M
acCx
The group operation on A is e(p) - Me(y') - M' = e(u + p') - MM’ with
€(0) - 1 being the unit element.

Let Y be the group algebra of A over Z, completed in the following sense.
An element of ) is a formal (possibly infinite) linear combination x of ele-
ments of A with Z coefficients, satisfying the following condition: there exist
A1,y A € Pyosuch that if e(p) - M appears in y with non—zero coefficient,
then p < A; for some j € {1,...,r}.

7.3. To each (u,7) of the form given by Proposition 7.1, we associate a
monomial M (u,7y) € ) as follows. Let {Q; ., R;,} be a collection of poly-
nomials associated to v so that (7.1) holds. If

Qi = H(w - ag-i)) and Ri~= H(w - b,(j))

J k
set
-1
M(p,y) =e(w) - TT{ T]Y,.0 <H Yi,bu)>
iel \ j I i ;
The g-character of V € O,,,(U,(Lg)) is defined by
Xg V)= dim(Vip, )M (u,7) €Y (7.2)

(k)
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It gives rise to a homomorphism of abelian groups
Xg : K (O (Uq(Lg))) — Y

Remark. When g is a simple Lie algebra, the tensor structure on O,,,(Uy(Lg))
induces a ring structure on K (O,,,(Uy(Lg))). In this case, it is proved in
[24] that XqU is an injective ring homomorphism.

7.4. g—characters for Y;(g). g—characters for the Yangian Y;(g) of a semisim-
ple Lie algebra were introduced by Knight in [37]. The treatment in [31, 32]
readily carries over to the Yangian, and allows to extend their definition to
the case of a symmetrisable Kac—-Moody algebra.

Given a collection 8 = (B, )icrren of complex numbers, ;1 € h* such that
dip(a)) = Bio, and V € O, (Yi(g)), define

Vi, Bl ={v eV :hv=pu(h)v, and
dp > 0 such that (&, — fi,)Pv=0Vi e L,r € N}
Theorem. [37] Given a pair (i, 3) as above, set
Bi(w) =1+hY Biu" ' €l+u'Cllu]]
r>0
Then, there exists V € O, (Yi(g)) such that V], 5] # 0 if, and only if

(i) There exist monic polynomials {Q;, R;}ie1 such that for everyi € I
we have

Bi(u) = =2 L (7.3)
(ii) u < X for some X € Py.

7.5. Define a commutative ring X analogous to ), over the collection of
variables {X; ,}icraec. Namely, consider the abelian group of monomials
e(p) - m as in §7.2, except that m is now a Laurent monomial in {X;,}.
Then, X is the group algebra of this abelian group over Z, completed in the
same way as in §7.2.

7.6. To a pair (p, 8) of the form given by Theorem 7.4, we associate a mono-
mial m(u, 5) € X as follows. Let {Q;, R;} be a set of monic polynomials
associated to  so that (7.3) holds. If

Qi = H(u - ag-i)) and R; = H(u - b,(f))
J k

set

1
m(u, B) = e(w) - [T { [T X, .0 (H Xi7b(i)>
iel \ ’ .
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The g—character of V' € O, (Ys(g)) is now defined as

Xg (V)= dim(Vg, B])m(u, B) € X (7.4)
(1,8)
and gives rise to a homomorphism of abelian groups

Xq K (O0n(Ya(9)) = X
For a semisimple Lie algebra g, X}; is an injective ring homomorphism [37].

7.7. Let X1 C X be the subring generated by h* and the variables {X; ; }ic1 act-
By Theorem 3.8, X;/ restricts to a homomorphism

Xy : K(OL(Yi(9)) = Xn
Similarly, let Yo C ) be the subring generated by h* and {Y; o }ict,acq-
Again by Theorem 3.8, qu restricts to a homomorphism
Xq + K(05(Uy(Lg))) = Vo

Consider the isomorphism e : Xy — Yo which is identity on h* and
maps X; 4 to Y] c2ma. The following result follows from the definition of the
functor I and the computation in 4.9.

Proposition. The following diagram is commutative

K(O1 (Yi(g))) — 2+ K (O2,(Uy(Lg)))
X o Ya

In particular, for a simple Lie algebra g, (I')« is an isomorphism of com-
mutative Tings.
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